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“Yes, wonderful things.”
—Howard Carter when asked if he saw anything, upon his first glimpse into the tomb of
Tutankhamun
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Preface

Enumerative combinatorics has undergone enormous development since the
publication of the first edition of this book in 1986. It has become more clear
what the essential topics are, and many interesting new ancillary results have been
discovered. This second edition is an attempt to bring the coverage of the first
edition more up to date and to impart a wide variety of additional applications and
examples.

The main difference between this edition and the first is the addition of ten new
sections (six in Chapter | and four in Chapter 3) and more than 350 new exercises.
In response to complaints about the difficulty of assigning homework problems
whose solutions are included, I have added some relatively easy exercises without
solutions, marked by an asterisk. There are also a few organizational changes, the
most notable being the transfer of the section on P-partitions from Chapter 4 to
Chapter 3, and extending this section to the theory of (P,w)-partitions for any
labeling w. In addition, the old Section 4.6 has been split into Sections 4.5 and 4.6.

There will be no second edition of volume 2 nor a volume 3. Since the refer-
ences in volume 2 to information in volume 1 are no longer valid for this second
edition, I have included a table entitled “First Edition Numbering,” which gives the
conversion between the two editions for all numbered results (theorems, examples,
exercises, etc., but not equations).

Exercise 4.12 has some sentimental meaning for me. This result, and related
results connected to other linear recurrences with constant coefficients, is a product
of my earliest research, done around the age of 17 when [ was a student at Savannah
High School.

I have written my work, not as an essay which is to win the applause of the moment, but
as a possession for all time.

It is ridiculous to compare Enumerative Combinatorics with History of the
Peloponnesian War, but I can appreciate the sentiment of Thucydides. I hope
this book will bring enjoyment to many future generations of mathematicians
and aspiring mathematicians as they are exposed to the beauties and pleasures of
enumerative combinatorics.
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1

What Is Enumerative Combinatorics?

1.1 How to Count

The basic problem of enumerative combinatorics is that of counting the number
of elements of a finite set. Usually we are given an infinite collection of finite sets
S; where i ranges over some index set I (such as the nonnegative integers N), and
we wish to count the number f (i) of elements in each §; “simultaneously.” Imme-
diate philosophical difficulties arise. What does it mean to “count” the number of
elements of S; ? There is no definitive answer to this question. Only through experi-
ence does one develop an idea of what is meant by a “determination” of a counting
function f(i). The counting function f (i) can be given in several standard ways:

1. The most satisfactory form of f(i) is a completely explicit closed formula
involving only well-known functions, and free from summation symbols. Only
in rare cases will such a formula exist. As formulas for f (i) become more com-
plicated, our willingness to accept them as “determinations” of f (i) decreases.
Consider the following examples.

1.1.1 Example. For each n € N, let f(n) be the number of subsets of the set
[n] = {1,2,...,n}. Then f(n) =2", and no one will quarrel about this being a
satisfactory formula for f(n).

1.1.2 Example. Suppose n men give their n hats to a hat-check person. Let f(n)
be the number of ways that the hats can be given back to the men, each man
receiving one hat, so that no man receives his own hat. For instance, f(1) =0,
f(2) =1, f(3) =2. We will see in Chapter 2 (Example 2.2.1) that

(—1 i
f(n)—n'z ) (1.1)

This formula for f(n) is not as elegant as the formula in Example 1.1.1, but for
lack of a simpler answer we are willing to accept (1.1) as a satisfactory formula.
It certainly has the virtue of making it easy (in a sense that can be made precise)
to compute the values f (n). Moreover, once the derivation of (1.1) is understood
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(using the Principle of Inclusion-Exclusion), every term of (1.1) has an easily
understood combinatorial meaning. This enables us to “understand” (1.1) intu-
itively, so our willingness to accept it is enhanced. We also remark that it follows
easily from (1.1) that f(n) is the nearest integer to n!/e. This is certainly a simple
explicit formula, but it has the disadvantage of being “noncombinatorial”; that is,
dividing by e and rounding off to the nearest integer has no direct combinatorial
significance.

1.1.3 Example. Let f(n) be the number of n x n matrices M of 0’s and 1’s such that
every row and column of M has three 1’s. Forexample, f(0) =1, f(1) = f(2) =0,
f(3) = 1. The most explicit formula known at present for f(n) is

—DF 3y)12¢ 38
f(n)=6*"n!2z( )a(!/;:/!;gv , (1.2)

where the sum ranges over all (n +2)(n 4+ 1)/2 solutions to ¢ + 8+ y =n in
nonnegative integers. This formula gives very little insight into the behavior of
f(n), but it does allow one to compute f(n) much faster than if only the com-
binatorial definition of f(n) were used. Hence with some reluctance we accept
(1.2) as a “determination” of f(n). Of course, if someone were later to prove that
f(n)=(n—1)(n—2)/2 (rather unlikely), then our enthusiasm for (1.2) would be
considerably diminished.

1.1.4 Example. There are actually formulas in the literature (“nameless here for
evermore”) for certain counting functions f(n) whose evaluation requires listing
all (or almost all) of the f'(n) objects being counted! Such a “formula” is completely
worthless.

2. A recurrence for f (i) may be given in terms of previously calculated f(j)’s,
thereby giving a simple procedure for calculating f (i) for any desired i € I.
For instance, let f(n) be the number of subsets of [r] that do not contain
two consecutive integers. For example, for n = 4 we have the subsets @, {1},
{2}, {3}, {4}, {1,3}, {1,4}, {2,4}, so f(4) = 8. It is easily seen that f(n) =
f(m—1)+ f(n—2) for n > 2. This makes it trivial, for example, to compute
f(20) = 17711. On the other hand, it can be shown (see Section 4.1 for the
underlying theory) that

1

f(n) - (_L,Il+2 _ .L:l’l+2) ,
N&]

where T = %(l +V5),T= %(1 —/5). This is an explicit answer, but because

it involves irrational numbers, it is a matter of opinion (which may depend on

the context) whether it is a better answer than the recurrence f(n) = f(n —

D+ f(n=2).
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3. An algorithm may be given for computing f (/). This method of determining f
subsumes the previous two, as well as method 5, which follows. Any counting
function likely to arise in practice can be computed from an algorithm, so the
acceptability of this method will depend on the elegance and performance of
the algorithm. In general, we would like the time that it takes the algorithm
to compute f (i) to be “substantially less” than f (i) itself. Otherwise, we are
accomplishing little more than a brute force listing of the objects counted by
f(@). It would take us too far afield to discuss the profound contributions that
computer science has made to the problem of analyzing, constructing, and eval-
uating algorithms. We will be concerned almost exclusively with enumerative
problems that admit solutions that are more concrete than an algorithm.

4. An estimate may be given for f(i). If I = N, this estimate frequently takes the
form of an asymptotic formula f (n) ~ g(n), where g(n) is a “familiar function.”
The notation f(n) ~ g(n) means that lim,_, ~ f(n)/g(n) = 1. For instance, let
f (n) be the function of Example 1.1.3. It can be shown that

f(n)~e 367" (3n)!.

For many purposes this estimate is superior to the “explicit” formula (1.2).

5. The most useful but most difficult to understand method for evaluating f (i) is
to give its generating function. We will not develop in this chapter a rigorous
abstract theory of generating functions, but will instead content ourselves with
an informal discussion and some examples. Informally, a generating function
is an “object” that represents a counting function f(i). Usually this object is a
formal power series. The two most common types of generating functions are
ordinary generating functions and exponential generating functions. If I/ =N,
then the ordinary generating function of f (n) is the formal power series

> Fmx,

n>0
while the exponential generating function of f (n) is the formal power series
xn
DDl
n!
n>0

(If I =P, the positive integers, then these sums begin at n = 1.) These power
series are called “formal” because we are not concerned with letting x take on
particular values, and we ignore questions of convergence and divergence. The
term x” or x" /n! merely marks the place where f(n) is written.

If F(x) = ano a,x", then we call a,, the coefficient of x" in F(x), and write
an = [x"1F (x).
Similarly, if F(x) = ano anx™ /n!, then we write

a, =n![x"]F (x).
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In the same way, we can deal with generating functions of several variables, such as

2 Zf(l,m,n)XIi’:lZn

>0 m>0n>0

(which may be considered as “ordinary” in the indices /,m and “exponential” in n),
or even of infinitely many variables. In this latter case every term should involve
only finitely many of the variables. A simple generating function in infinitely many
variables is x1 +xp+x3+---.

Why bother with generating functions if they are merely another way of writing
a counting function? The answer is that we can perform various natural operations
on generating functions that have a combinatorial significance. For instance, we
can add two generating functions, say in one variable with / = N, by the rule

Zanxn + anxn ZZ(an +bp)x"

n=0 n>0 n>0

or

Zan% + anz_’: :Z(aiz+bn));_’:~

n>0 : n>0 n>0

Similarly, we can multiply generating functions according to the rule

E apx" E by x" :E cpx”,

n>0 n>0 n>0

where ¢, =Y 1_aib,—i, or

x" x" x"
E an b, = E dy s
n! n! n!

n=0 n=0 n>0

1=
are just what we would obtain by treating generating functions as if they obeyed

the ordinary laws of algebra, such as x/x/ = x’*/. These operations coincide with
the addition and multiplication of functions when the power series converge for
appropriate values of x, and they obey such familiar laws of algebra as associativity
and commutativity of addition and multiplication, distributivity of multiplication
over addition, and cancellation of multiplication (i.e., if F(x)G(x) = F(x)H (x)
and F(x) # 0, then G(x) = H(x)). In fact, the set of all formal power series
> n>0anx" with complex coefficients a, (or more generally, coefficients in any
inteéral domain R, where integral domains are assumed to be commutative with a
multiplicative identity 1) forms a (commutative) integral domain under the oper-
ations just defined. This integral domain is denoted C[[x]] (or more generally,
R[[x]]). Actually, C[[x]], or more generally K[[x]] when K is a field, is a very

where d, =Y ", (’;)aibn_i, with ('l’) =n!/i!(n —i)!. Note that these operations
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special type of integral domain. For readers with some familiarity with algebra, we
remark that C[[x]] is a principal ideal domain and therefore a unique factorization
domain. In fact, every ideal of C[[x]] has the form (x") for some n > 0. From the
viewpoint of commutative algebra, C[[x]] is a one-dimensional complete regular
local ring. Moreover, the operation [x"] : C[[x]] — C of taking the coefficient of
x" (and similarly [x" /n!]) is a linear functional on C[[x]]. These general algebraic
considerations will not concern us here; rather we will discuss from an elementary
viewpoint the properties of C[[x]] that will be useful to us.

There is an obvious extension of the ring C[[x]] to formal power series in m
variables xi,...,x,. The set of all such power series with complex coefficients
is denoted C[[x1,...,x,,]] and forms a unique factorization domain (though not a
principal ideal domain for m > 2).

It is primarily through experience that the combinatorial significance of the
algebraic operations of C[[x]] or C[[x],...,x,;]] is understood, as well as the
problems of whether to use ordinary or exponential generating functions (or various
other kinds discussed in later chapters). In Section 3.18 we will explain to some
extent the combinatorial significance of these operations, but even then experience
is indispensable.

If F(x) and G(x) are elements of C[[x]] satisfying F(x)G(x) = 1, then we
(naturally) write G(x) = F(x)~!. (Here 1 is short for 1 +0x +0x>+---.) It is
easy to see that F (x)~! exists (in which case it is unique) if and only if ag # 0,
where F(x) =), _,a,x". One commonly writes “symbolically” ag = F(0), even
though F(x) is not considered to be a function of x. If F 0)#0and F(x)G(x) =
H(x), then G(x) = F(x)~'H(x), which we also write as G (x) = H(x)/F(x).
More generally, the operation™! satisfies all the familiar laws of algebra, pro-
vided it is only applied to power series F'(x) satisfying F(0) # 0. For instance,
(F)Gx)'=Fx)'Gx)™!, (F(x)~1)~! = F(x), and so on. Similar results
hold for C[[xy,...,x,]].

1.1.5 Example. Let (3_,_qa"x") (1 —ax) = Y_,_(cax", where « is nonzero
complex number. (We could also take « to be an indeterminate, in which case we
should extend the coefficient field to C(«), the field of rational functions over C
in the variable «.) Then by definition of power series multiplication,

o 1, n=0
" "= H=0, n>1.

Hence, Zn>0 oa"x"=(1- ozx)_l, which can also be written
1

E o"x" = .
1—ax

n>0

This formula comes as no surprise; it is simply the formula (in a formal setting)
for summing a geometric series.
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Example 1.1.5 provides a simple illustration of the general principle that, infor-
mally speaking, if we have an identity involving power series that is valid when the
power series are regarded as functions (so that the variables are sufficiently small
complex numbers), then this identity continues to remain valid when regarded as
an identity among formal power series, provided the operations defined in the for-
mulas are well defined for formal power series. It would be unnecessarily pedantic
for us to state a precise form of this principle here, since the reader should have
little trouble justifying in any particular case the formal validity of our manipula-
tions with power series. We will give several examples throughout this section to
illustrate this contention.

1.1.6 Example. The identity

xn

nxn
— Z(—l)m =1 (1.3)

n>0 n>0

is valid at the function-theoretic level (it states that e*¢™* = 1) and is well defined
as a statement involving formal power series. Hence, (1.3) is a valid formal power
series identity. In other words (equating coefficients of x”/n! on both sides of
(1.3)), we have

Z(—l)k<z> = Son. (1.4)
k=0

To justify this identity directly from (1.3), we may reason as follows. Both sides
of (1.3) converge for all x € C, so we have

3 Z(—nk(") Y 1., forallxeC.
n>0 \k=0 k n!

But if two power series in x represent the same function f (x) in a neighborhood of
0, then these two power series must agree term-by-term, by a standard elementary
result concerning power series. Hence, (1.4) follows.

1.1.7 Example. The identity

x+D" x"
Z n! :ezm

n>0 n>0

is valid at the function-theoretic level (it states that e ! = ¢ - ¢*) but does not make
sense as a statement involving formal power series. There is no formal procedure
for writing Zn>0(x 4+ 1)"/n! as a member of C[[x]]. For instance, the constant
term of Zpo(} + 1)"/n!is )_,.,1/n!, whose interpretation as a member of
Clx1 involves the consideration of convergence.
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Although the expression ), (x +1)" /n! does not make sense formally, there
are nevertheless certain infinite p_rocesses that can be carried out formally in C[[x]].
(These concepts extend straightforwardly to C[[xy,...,x;;]], but for simplicity we
consider only C[[x]].) To define these processes, we need to put some additional
structure on C[[x]]—namely, the notion of convergence. From an algebraic stand-
point, the definition of convergence is inherent in the statement that C[[x]] is
complete in a certain standard topology that can be put on C[[x]]. However, we
will assume no knowledge of topology on the part of the reader and will instead
give a self-contained, elementary treatment of convergence.

If Fi(x),F(x),... is a sequence of formal power series, and if F(x) =
Y n>0anx" is another formal power series, we say by definition that F;(x) con-
verg_es to F(x) as i — oo, written F;(x) — F(x) or lim;_, o F;(x) = F(x),
provided that for all n > O there is a number §(n) such that the coefficient of
x"in Fj(x) is a, whenever i > §(n). In other words, for every n the sequence

[x"1F) (x), [x"]1F>(x), ...

of complex numbers eventually becomes constant (or stabilizes) with value a,,.
An equivalent definition of convergence is the following. Define the degree of a
nonzero formal power series F(x) =), _,a,x", denoted deg F (x), to be the least
integer n such that a,, # 0. Note that deg}“(x)G(x) =deg F(x) +deg G(x). Then
F;(x) converges if and only if lim;_, oo deg(Fj+1(x) — Fi(x)) = oo, and F;(x)
converges to F (x) if and only if lim;_, oc deg(F (x) — F;(x)) = oo.

We now say that an infinite sum ), F;(x) has the value F(x) provided
that Z;ZO Fj(x) — F(x). A similar definition is made for the infinite product
I j=1Fj(x). To avoid unimportant technicalities we assume that, in any infinite
product ]_[jZl F;(x), each factor F;(x) satisfies F;(0) =1.

For instance, let Fj(x) = a jx«i . Then for i > n, the coefficient of x” in
Zj‘zo Fj(x) is a,. Hence ijo Fj(x) is just the power series ), a,x". Thus,
we can think of the formal power series ), ,a,x" as actually being the “sum”
of its individual terms. The proofs of the follo_wing two elementary results are left
to the reader.

1.1.8 Proposition. The infinite series ) .., F;(x) converges if and only if

j=0

lim deg Fj(x) = oc.
J—>00

1.1.9 Proposition. The infinite product [] jzl(l + Gj(x)), where G;(0) =0,
converges if and only if lim;_, oo deg G j (x) = c0.

It is essential to realize that in evaluating a convergent series >0 Fj(x) (or
similarly a product [] >l F;(x)), the coefficient of x" for any given n can be
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computed using only finite processes. For if j is sufficiently large, say j > 8(n),
then deg Fj (x) > n, so that

8(n)
1)) =[x"1)_ Fix).
Jj=0 Jj=0

The latter expression involves only a finite sum.

The most important combinatorial application of the notion of convergence is to
the idea of power series composition. If F(x) =), _,a,x" and G(x) are formal
power series with G(0) = 0, define the compositior; F(G(x)) to be the infinite
sum ), .,d,G(x)". Since degG(x)" = n - deg G(x) > n, we see by Proposi-
tion 1.1.8 that F (G (x)) is well defined as a formal power series. We also see why
an expression such as ¢! +* does not make sense formally; namely, the infinite series
> u=0(1+x)"/n! does not converge in accordance with the preceding definition.
On the other hand, an expression like ¢ ~! makes good sense formally, since it
has the form F(G(x)) where F(x) =), ,x"/n!and G(x) =), x"/nl.

1.1.10 Example. If F(x) € C[[x]] satisfies F (0) = 0, then we can define for any
A € C the formal power series

3
(1+FQD*=§:Q)F@W, (1.5)

n>0

where (ﬁ) =A(A—1)---(A—n+1)/n!.Infact, we may regard 1 as an indeterminate
and take (1.5) as the definition of (1 + F(x))* as an element of C[[x,A]] (or of
C[M][[x]]; that is, the coefficient of x” in (1 + F(x))* is a certain polynomial in
A). All the expected properties of exponentiation are indeed valid, such as

(I+ FO))"™ M = (14 F)*(1+ F(x),

regarded as an identity in the ring C[[x, A, ]], or in the ring C[[x]] where one
takes A, u € C.

If F(x)=)_,-0anx", define the formal derivative F'(x) (also denoted dE op

d
dx
D F (x)) to be the formal power series
F'(x) = z:na,,x"*1 = Z(n + Day1x".
n>0 n>0

It is easy to check that all the familiar laws of differentiation that are well defined
formally continue to be valid for formal power series, In particular,

(F+G) =F +G',
(FG) =F'G+FG,
F(G(x)) =G (x)F'(G(x)).
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We thus have a theory of formal calculus for formal power series. The usefulness
of this theory will become apparent in subsequent examples. We first give an
example of the use of the formal calculus that should shed some additional light
on the validity of manipulating formal power series F'(x) as if they were actual
functions of x.

1.1.11 Example. Suppose F(0) = 1, and let G(x) be the power series (easily seen
to be unique) satisfying

G (x) = F'(x)/F(x), G(0)=0. (1.6)
From the function-theoretic viewpoint we can “solve” (1.6) to obtain F(x) =
exp G (x), where by definition

G n
expGx) =Y fj) .

n>0

Since G (0) = 0 everything is well defined formally, so (1.6) should remain equiv-
alent to F(x) = expG(x) even if the power series for F(x) converges only at
x = 0. How can this assertion be justified without actually proving a combinato-
rial identity? Let F(x) =1+, a,x". From (1.6) we can compute explicitly
G(x)= Zn>1 b,x", and it is quicl_dy seen that each by, is a polynomial in finitely
many of the 5,~ ’s. Itthen follows thatifexp G (x) = 1+ Zn>1 ¢, x", then each ¢,, will
also be a polynomial in finitely many of the a;’s, say ¢, = 1_7,, (ay,ay,...,ay), where
m depends on n. Now we know that F'(x) =expG(x) provided 1 + ", a,x"
converges. If two Taylor series convergent in some neighborhood of the ori-
gin represent the same function, then their coefficients coincide. Hence a, =
pnlai,az,...,ay) provided 1+ _ a,x” converges. Thus, the two polynomials
ap and p,(ay,...,a,) agreein some Beighborhood of the origin of C™, so they must
be equal. (It is a simple result that if two complex polynomials in m variables agree
in some open subset of C™, then they are identical.) Since a,, = p,(ai,az,...,ay)
as polynomials, the identity F(x) = exp G (x) continues to remain valid for formal
power series.

There is an alternative method for justifying the formal solution F(x) =
exp G (x) to (1.6), which may appeal to topologically inclined readers. Given G (x)
with G(0) =0, define F(x) = exp G (x) and consider a map ¢ : C[[x]] — C[[x]]
defined by ¢ (G(x)) = G'(x) — ‘;’g}. One easily verifies the following: (a) if G
converges in some neighborhood of 0, then ¢ (G (x)) = 0; (b) the set G of all power
series G (x) € C[[x]] that converge in some neighborhood of 0 is dense in C[[x]],
in the topology defined earlier (in fact, the set C[x] of polynomials is dense); and
(c) the function ¢ is continuous in the topology defined earlier. From this it follows
that ¢ (G (x)) = 0 for all G(x) € C[[x]] with G(0) =0.

We now present various illustrations in the manipulation of generating func-
tions. Throughout we will be making heavy use of the principle that formal power
series can be treated as if they were functions.
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1.1.12 Example. Find a simple expression for the generating function F(x) =
ano a,x",whereag=a; =1, a, =a,-1+a,—» if n > 2. We have

F(x) = Zanxn =1 +x+Zanx"

n>0 n>2
=1+x+) (@1 +a-2)x"
n>2
=14+x +x2an,1xn_l +x22an,2xn_2
n>=2 n>2

=14+x+x(F(x)—1)+x2F(x).

Solving for F(x) yields F(x) = 1/(1 — x — x?). The number a, is just the
Fibonacci number F, . For some combinatorial properties of Fibonacci numbers,
see Exercises 1.35—1.42. For the general theory of rational generating functions
and linear recurrences with constant coefficients illustrated in the present example,
see Section 4.1.

1.1.13 Example. Find a simple expression for the generating function F(x) =
ano a,x" /n!, where ap = 1,

p+1 = ay +nay—1, n>0. (L.7)

(Note that if n = 0 we get a; = ag+0-a_1, so the value of a_; is irrelevant.)
Multiply the recurrence (1.7) by x" /n! and sum on n > 0. We get

x" x" x"
E an+l_'=Zan_'+ E nanfl_'

n>0 n>0 n>0
X" X"
Yo Y
Z nn!+ n l(l’l—l)!
n>0 n>1

The left-hand side is just F’(x), while the right-hand side is F (x) +x F (x). Hence,
F’(x) = (1 +x) F(x). The unique solution to this differential equation satisfying
F(0)=1lis F(x) =exp (x + 5x?). (As shown in Example 1.1.11, solving this dif-
ferential equation is a purely formal procedure.) For the combinatorial significance
of the numbers a,, see equation (5.32).

NotE. With the benefit of hindsight we wrote the recurrence a,+1 = a, + na,—
with indexing that makes the computation simplest. If for instance we had written
ap =an—1+ (n—1)a,—,, then the computation would be more complicated (though
still quite tractable). In converting recurrences to generating function identities, it
can be worthwhile to consider how best to index the recurrence.

1.1.14 Example. Let u(n) be the Mobius function of number theory; that is,
w(l) =1, u(n) =0 if n is divisible by the square of an integer greater than one,
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and p(n) = (—1)" if n is the product of r distinct primes. Find a simple expression
for the power series

Fx)=]]a—xmrmin (1.8)

n>1

First let us make sure that F'(x) is well defined as a formal power series. We have
by Example 1.1.10 that

(1 _xn)—M(n)/n — Z <_M(ln)/”> (—l)ixm.
i>0

Note that (1 —x")"*"/" =1 4 H(x), where deg H (x) = n. Hence, by Proposi-
tion 1.1.9 the infinite product (1.8) converges, so F(x) is well defined. Now apply
log to (1.8). In other words, form log F (x), where

_ _ n—lfi
log(1+x) = (—1)""'—,

n>1

the power series expansion for the natural logarithm at x = 0. We obtain

log F(x) =log ]_[(1 —x"My~Rrm/n

n>1
=— log(l —x")Hm/
n>1
= Z wm) log(1—x™)
n
n>1
_ p(n) xin
B _Z n Z <_z_' ’
n>1 i>1

The coefficient of x™ in the preceding power series is
1
= @),
nle
where the sum is over all positive integers d dividing m. It is well known that
1 1, m=1
m Zﬂ(d) N { 0, otherwise.
dlm

Hence, log F(x) = x, so F(x) = e*. Note that the derivation of this miraculous
formula involved only formal manipulations.

1.1.15 Example. Find the unique sequence ag = 1,ay,as,... of real numbers
satisfying

n
Zakan,k =1 (1.9)
k=0
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for all n € N. The trick is to recognize the left-hand side of (1.9) as the coefficient
of x" in (ano anx”)z. Letting F(x) =), .anx", we then have

F(x)2=2x" = !

—x
n>0 *

Hence,

Fy=(1-x""=3" (‘L/Q)H)"x”,

n>0

SO

Il
~
|
[
~—'

=

1.3:5-.2n—1)
21n) ’

Note that a,, can also be rewritten as 4" (2: ) The identity

<2n) " n<—1/2>
=(-1"4 (1.10)
n n

can be useful for problems involving (2,1”)

Now that we have discussed the manipulation of formal power series, the ques-
tion arises as to the advantages of using generating functions to represent a counting
function f(n). Why, for instance, should a formula such as

" X2
Zf(n)—,=exp<x+—) (1.11)
n! 2

n>0

be regarded as a “determination” of f(n)? Basically, the answer is that there
are many standard, routine techniques for extracting information from generating
functions. Generating functions are frequently the most concise and efficient way
of presenting information about their coefficients. For instance, from (1.11) an
experienced enumerative combinatorialist can tell at a glance the following:

1. Asimplerecurrence for f(n) can be found by differentiation. Namely, we obtain

xnfl

S0 =0 = (0 Y f

n>1 n>0

Equating coefficients of x" /n! yields
fo+D=fm)+nf(n=1), n=1

Note that in Example 1.1.13 we went in the opposite direction (i.e., we obtained
the generating function from the recurrence, a less straightforward procedure).
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xex2/2

2. Anexplicit formula for f (n) can be obtained from e* +H2/2) — .Namely,
x" 2/ x" x2n
_ox x _ r
Zf(n)n_ ee - Z n ZZ"n!
n>0 n>0 n=0
N Z x" Z (2”)‘ .in
- n ! !
n = 2"n! (2n)!
so that 2!
_ n _ J
fm= ;) ( )2’/20/2)' Z (21) 2

ieven

3. Regarded as a function of a complex variable, exp(x + %) is a nicely behaved
entire function, so that standard techniques from the theory of asymptotic
analysis can be used to estimate f(n). As a first approximation, it is rou-
tine (for someone sufficiently versed in complex variable theory) to obtain
the asymptotic formula

F(n)~ %n"/zeg+ﬁi. (1.12)

No other method of describing f(n) makes it so easy to determine these fun-
damental properties. Many other properties of f(n) can also be easily obtained
from the generating function; for instance, we leave to the reader the problem
of evaluating, essentially by inspection of (1.11), the sum

I M (’Z)f(i) (1.13)
i=0

(see Exercise 1.7). Therefore, we are ready to accept the generating function

2 . .
exp(x + %) as a satisfactory determination of f(n).

This completes our discussion of generating functions and more generally the
problem of giving a satisfactory description of a counting function f (n). We now
turn to the question of what is the best way to prove that a counting function has
some given description. In accordance with the principle from other branches of
mathematics that it is better to exhibit an explicit isomorphism between two objects
than merely prove that they are isomorphic, we adopt the general principle that it
is better to exhibit an explicit one-to-one correspondence (bijection) between two
finite sets than merely to prove that they have the same number of elements. A
proof that shows that a certain set S has a certain number m of elements by con-
structing an explicit bijection between S and some other set that is known to have
m elements is called a combinatorial proof or bijective proof. The precise border
between combinatorial and noncombinatorial proofs is rather hazy, and certain
arguments that to an inexperienced enumerator will appear noncombinatorial will
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be recognized by a more facile counter as combinatorial, primarily because he or
she is aware of certain standard techniques for converting apparently noncombina-
torial arguments into combinatorial ones. Such subtleties will not concern us here,
and we now give some clear-cut examples of the distinction between combinato-
rial and noncombinatorial proofs. We use the notation #S or | S| for the cardinality
(number of elements) of the finite set S.

1.1.16 Example. Let n and k be fixed positive integers. How many sequences
(X1,X3,...,Xy) are there of subsets of the set [n] = {1,2,...,n} such that X; N
XoN---N X =07?Let f(k,n) be this number. If we were not particularly inspired
we could perhaps argue as follows. Suppose X1 N X, N---N Xx_1 =T, where
#T =i.lfY;=X;—T,thenY N---NY;_y =¥ and Y; C [n] —T. Hence, there
are f(k—1,n—1i) sequences (X1,...,X¢—1)suchthat X1 NXoN---NXp_1=T.
For each such sequence, X} can be any of the 2"~/ subsets of [n] — 7. As is probably
familiar to most readers and will be discussed later, there are (7) =n!/il(n —1i)!
i-element subsets T of [n]. Hence,

n

f(k,n):Z(’Z)Z”if(k—l,n—i). (1.14)

i=0
Let Fi(x) = )_,-0 f (k,n)x" /n!. Then (1.14) is equivalent to
Fi(x) =e" F_1(2x).
Clearly F(x) = e*. It follows easily that

Fr(x)=exp(x +2x +4x+--- +2k71x)
= exp((2" = )

n

nx
:Z(zk—l) —

n>0

Hence, f(k,n) = (2% — 1)". This argument is a flagrant example of a noncombi-
natorial proof. The resulting answer is extremely simple despite the contortions
involved to obtain it, and it cries out for a better understanding. In fact, (2" —D"is
clearly the number of n-tuples (Z1, Z»,...,Z,), where each Z; is a subset of [k] not
equal to [k]. Can we find a bijection 6 between the set Sk, of all (X1,...,Xx) € [n)¥
suchthat X1 N---N X, =@, and the set Ty, of all (Z1,...,Z,) where [k] # Z; C [k]?
Given an element (Z1,...,Z,) of T,, define (X1i,...,Xy) by the condition that
i € X;jifandonlyif j € Z;. This rule is just a precise way of saying the following:
The element 1 can appear in any of the X;’s except all of them, so there are 2% — 1
choices for which of the X;’s contain 1; similarly there are 2k — 1 choices for
which of the X;’s contain 2,3,...,n, so there are (2" — 1)" choices in all. Thus,
the crucial point of the problem is that the different elements of [n] behave inde-
pendently, so we end up with a simple product. We leave to the reader the (rather
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dull) task of rigorously verifiying that 0 is a bijection, but this fact should be intu-
itively clear. The usual way to show that 6 is a bijection is to construct explicitly a
map ¢ : Ty, — Skn, and then to show that ¢ = o1 for example, by showing that
¢0(X) = X and that 6 is surjective. CAVEAT. Any proof that 6 is bijective must
not use a priori the fact that #Sy, = #T,!

Not only is the preceding combinatorial proof much shorter than our previous
proof, but it also makes the reason for the simple answer completely transparent. It
is often the case, as occurred here, that the first proof to come to mind turns out to be
laborious and inelegant, but that the final answer suggests a simpler combinatorial
proof.

1.1.17 Example. Verify the identity

;(?><nlil)=<a:b) (1.15)

where a,b, and n are nonnegative integers. A noncombinatorial proof would run
as follows. The left-hand side of (1.15) is the coefficient of x" in the power series

(polynomial) (Zizo (4)x") <Z =0 (?)xj ) But by the binomial theorem,

£0F) (50 oo

i>0 j>0

— (1 _I_x)a-i-b

=y (a:b>x",

n>0

so the proof follows. A combinatorial proof runs as follows. The right-hand side of
(1.15) is the number of n-element subsets X of [a + b]. Suppose X intersects [a] in
i elements. There are (%) choices for X N[a], and (n}il.) choices for the remaining
n—1i elements X N{a+ 1,a+ 2,...,a + b}. Thus, there are (‘;) (”Z) ways that
X N[a] can have i elements, and summing over i gives the total number (‘H'h) of

n
n-element subsets of [a + b].

There are many examples in the literature of finite sets that are known to have
the same number of elements but for which no combinatorial proof of this fact is
known. Some of these will appear as exercises throughout this book.

1.2 Sets and Multisets

We have (finally!) completed our description of the solution of an enumerative
problem, and we are now ready to delve into some actual problems. Let us begin
with the basic problem of counting subsets of a set. Let S = {x1,x2,...,x,} be an
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n-element set, or n-set for short. Let 25 denote the set of all subsets of S, and let
{0, 1} ={(e1,€2,-.-,&n) : & =0or 1}. Since there are two possible values for each
&;, we have #{0, 1} =2". Define amap 6 : 25 — {0,1}* by 0(T) = (e1, €2, ...,&n),
where

8‘={ 1, ifx,'ET

' 0, ifx;gT.

For example, if n =5 and T = {x2,x4,x5}, then 6(T) = (0,1,0, 1, 1). Most readers
will realize that 6 (T) is just the characteristic vector of T . It is easily seen that 0 is
a bijection, so that we have given a combinatorial proof that #25 = 2", Of course,
there are many alternative proofs of this simple result, and many of these proofs
could be regarded as combinatorial.

Now define (i) (sometimes denoted S® or otherwise, and read “S choose k)
to be the set of all k-element subsets (or k-subsets) of S, and define (Z) = #(i), read
“n choose k” (ignore our previous use of the symbol (Z)) and called a binomial
coefficient. Our goal is to prove the formula

n\ nn—1--(n—k+1)
<k) N k! '
Note that if 0 < k < n then the right-hand side of equation (1.16) can be rewritten
n!/k!(n — k)!. The right-hand side of (1.16) can be used to define (}) for any
complex number (or indeterminate) n, provided k € N. The numerator n(n —
1)---(n—k+1)of (1.16)isread “n lower factorial k”” and is denoted (1) ;. CAVEAT.
Many mathematicians, especially those in the theory of special functions, use the
notation (n)y =n(n+1)---(n+k—1).

We would like to give a bijective proof of (1.16), but the factor k! in the denom-
inator makes it difficult to give a “simple” interpretation of the right-hand side.
Therefore, we use the standard technique of clearing the denominator. To this end
we count in two ways the number N (n,k) of ways of choosing a k-subset 7' of S
and then linearly ordering the elements of 7. We can pick 7 in (Z) ways, then pick
an element of T in k ways to be first in the ordering, then pick another element in
k — 1 ways to be second, and so on. Thus,

N k) = <:)k!.

On the other hand, we could pick any element of S in n ways to be first in the
ordering, then another element in n — 1 ways to be second, on so on, down to any
remaining element in n — k + 1 ways to be kth. Thus,

(1.16)

Nmn,k)y=nn—1)---(n—k+1).

We have therefore given a combinatorial proof that

(Z)k!:n(n—l)---(n—k—i—l),

and hence of equation (1.16).
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A generating function approach to binomial coefficients can be given as follows.
Regard x,...,x, as independent indeterminates. It is an immediate consequence
of the process of multiplication (one could also give a rigorous proof by induction)
that

A4x)U+x) - A+x)=Y []x (1.17)

Tngl'ET

If we put each x; = x, then we obtain

A+x)"=>" Hx:Zx#T=Z<Z>xk, (1.18)

TCSx;eT TCS k>0

since the term x* appears exactly (}) times in the sum ) ¢ x*7. This reasoning
is an instance of the simple but useful observation that if S is a collection of finite
sets such that S contains exactly f(n) sets with n elements, then

Zx#s = Z f(n)x".

Ses n>0

Somewhat more generally, if g : N — C is any function, then

D g#HRH =" (n) f(m)x"

Ses n>0

Equation (1.18) is such a simple result (the binomial theorem for the exponent
n € N) that it is hardly necessary to obtain first the more refined (1.17). How-
ever, it is often easier in dealing with generating functions to work with the most
number of variables (indeterminates) possible and then specialize. Often the more
refined formula will be more transparent, and its various specializations will be
automatically unified.

Various identities involving binomial coefficients follow easily from the identity
14+x)"= Zkzo (Z)xk, and the reader will find it instructive to find combi-
natorial proofs of them. (See Exercise 1.3 for further examples of binomial
coefficient identities.) For instance, put x = 1 to obtain 2" = > k>0 (’;), putx =—1
to obtain 0 = Zkzo(_l)k (Z) if n > 0; differentiate and put x = 1 to obtain
n2n—1 = Zkzo k(Z), and so on.

There is a close connection between subsets of a set and compositions of a
nonnegative integer. A composition of n can be thought of as an expression of n
as an ordered sum of integers. More precisely, a composition of n is a sequence
a = (aj,...,ax) of positive integers satisfying Y _a; = n. For instance, there are
eight compositions of 4; namely,

I+1+1+1 3+1
24141 1+3
14241 242
I14+142 4.
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If exactly k summands appear in a composition «, then we say that o has k parts,
and we call @ a k-composition. If « = (ay,as, . .. ,ax) is a k-composition of n, then
define a (k — 1)-subset Sy of [n — 1] by

Se ={ar,a1+az,...,a1+ax+ - +ar_1}.

The correspondence « — S, gives a bijection between all k-compositions of n
and (k — 1)-subsets of [n — 1]. Hence, there are (Zj) k-compositions of n and
2"=1 compositions of n > 0. The inverse bijection S, — « is often represented
schematically by drawing n dots in a row and drawing vertical bars between k — 1
of the n — 1 spaces separating the dots. This procedure divides the dots into k
linearly ordered (from left-to-right) “compartments” whose number of elements

is a k-composition of n. For instance, the compartments
NN P A (1.19)

correspond to the 6-composition (1,2, 1,1,3,2) of 10. The diagram (1.19) illustrates
another very general principle related to bijective proofs—it is often efficacious
to represent the objects being counted geometrically.

Aproblem closely related to compositions is that of counting the number N (, k)
of solutions to x; + x2 + - - - + xx = n in nonnegative integers. Such a solution is
called a weak composition of n into k parts, or a weak k-composition of n. (A
solution in positive integers is simply a k-composition of n.) If we put y; = x; + 1,
then N (n, k) is the number of solutions in positive integers to y; +y» +--- 4+ yx =
n + k, that is, the number of k-compositions of n + k. Hence, N (n,k) = (”:f;l)
A further variant is the enumeration of N-solutions (that is, solutions where each
variable lies in N) to x| +xp + - -+ + xx < n. Again we use a standard technique,
namely, introducing a slack variable y to convert the inequality x; + x2 + - --
+ x; < n to the equality x| + x3 + - - - +xx + y = n. An N-solution to this equation
is a weak (k + 1)-composition of n, so the number N (n,k + 1) of such solutions
is (n+(k-]i{-1)—1) — (n-;{-k).

A k-subset T of an n-set S is sometimes called a k-combination of S without
repetitions. This suggests the problem of counting the number of k-combinations
of S with repetitions; that is, we choose k elements of S, disregarding order and
allowing repeated elements. Denote this number by ((Z)), which could be read
“n multichoose k.” For instance, if S = {1,2,3}, then the combinations counted
by ((;)) are 11, 22, 33, 12, 13, 23. Hence, ((Z)) = 6. An equivalent but more
precise treatment of combinations with repetitions can be made by introducing
the concept of a multiset. Intuitively, a multiset is a set with repeated elements;
for instance, {1,1,2,5,5,5}. More precisely, a finite multiset M on a set S is a
pair (S,v), where v is a function v : § — N such that Y _cv(x) < co. One
regards v(x) as the number of repetitions of x. The integer ) .. v(x) is called the
cardinality, size, or number of elements of M and is denoted |M |, #M, or card M.
If S ={x1,...,x,} and v(x;) = a;, then we call @; the multiplicity of x; in M and

xeS
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write M = {)cla1 see X0 If #M = k, then we call M a k-multiset. The set of all
k-multisets on S is denoted ((i)) If M’ = (S,V') is another multiset on S, then

we say that M’ is a submultiset of M if v/(x) < v(x) for all x € S. The number
of submultisets of M is ers(‘)(x) + 1), since for each x € S there are v(x) + 1
possible values of v'(x). It is now clear that a k-combination of S with repetition
is simply a multiset on S with k elements.

Although the reader may be unaware of it, we have already evaluated the number
((2)-If S ={y1,...,yn} and we set x; = v(y;), then we see that ((} )) is the number
of solutions in nonnegative integers to x| + x3 + - - - + x,, = k, which we have seen
is (5 = (")

There are two elegant direct combinatorial proofs that (1)) = (“*¥~"). For
the first,let 1 <a; <ar) <---<ap <n-+k—1be ak-subset of [n +k —1]. Let
b; =a; —i + 1. Then, {by,b>,...,br} is a k-multiset on [n]. Conversely, given
a k-multiset 1 < by < by <--- < by <n on [n], then defining a; = b; +i — 1
we see that {a;,as,...,ar} is a k-subset of [n 4+ k — 1]. Hence, we have defined
a bijection between (( [Z] )) and (["“L]]z_l]), as desired. This proof illustrates the

technique of compression, where we convert a strictly increasing sequence to a
weakly increasing sequence.

Our second direct proof that ((Z)) = ("'H,z_l) is a “geometric” (or “balls into
boxes” or “stars and bars”) proof, analogous to the preceding proof that there are
(Z:}) k-compositions of n. There are ("'H,i_l) sequences consisting of k dots and

n — 1 vertical bars. An example of such a sequence for k =5 and n = 7 is given by
[ -f-M- -

The n — 1 bars divide the k dots into n compartments. Let the number of dots in
the ith compartment be v (7). In this way the diagrams correspond to k-multisets
on|[n],so ((})) = (”H,z_l). For the preceding example, the multiset is {3,3,4,7,7}.

The generating function approach to multisets is instructive. In exact analogy
to our treatment of subsets of a set S = {x1,...,x,}, we have

(4 x1 4224 DA Fxa+x34-) (42, +x24-) = Z Hxiu(xi)’
M=(S.v)x; €8

where the sum is over all finite multisets M on S. Put each x; = x. We get

Atx4x? )= Y et
M=(S,)

S

M=(S,v)

=2 ()

k>0
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But

(1+x+x2+...)”=(l_x)_”=Z<_n>(—l)kxk, (1.20)

k
k>0

so (7)) = (=D = (”H,i_l). The elegant formula

()= (7)

is no accident; it is the simplest instance of a combinatorial reciprocity theorem. A
partially ordered set generalization appears in Section 3.15.3, while a more general
theory of such results is given in Chapter 4.

The binomial coefficient (}) may be interpreted in the following manner. Each
element of an n-set S is placed into one of two categories, with k elements in
Category 1 and n — k elements in Category 2. (The elements of Category 1 form a
k-subset T of S.) This suggests a generalization allowing more than two categories.
Let (ay,a,...,a,) be a sequence of nonnegative integers summing to n, and
suppose that we have m categories Cy,...,Cy,. Let (al ,a;.u,am) denote the number
of ways of assigning each element of an n-set S to one of the categories Cy,...,Cy,
so that exactly a; elements are assigned to C;. The notation is somewhat at variance
with the notation for binomial coefficients (the case m = 2), but no confusion should
result when we write (Z) instead of (k,n"_ k). The number (alﬂz ..... am) is called a
multinomial coefficient. It is customary to regard the elements of S as being n
distinguishable balls and the categories as being m distinguishable boxes. Then
(al ,a;...,am) is the number of ways to place the balls into the boxes so that the ith
box contains «; balls.

The multinomial coefficient can also be interpreted in terms of “permutations
of a multiset.” If S is an n-set, then a permutation w of S can be defined as a linear
ordering wi, w»,...,w, of the elements of S. Think of w as a word wyw,---w, in
the alphabet S. If S = {x,...,x,}, then such a word corresponds to the bijection
w: S — S given by w(x;) = w;, so that a permutation of S may also be regarded
as a bijection S — S. Many interesting combinatorics are based on these two
different ways of representing permutations; a good example is the second proof
of Proposition 5.3.2.

We write Gg for the set of permutations of S. If S = [n], then we write &,
for &y,). Since we choose wy in n ways, then wy in n — 1 ways, and so on, we
clearly have #55 = n!. In an analogous manner, we can define a permutation
w of a multiset M of cardinality n to be a linear ordering wy,ws,...,w, of the
“elements” of M; that is, if M = (S,v) then the element x € S appears exactly
v(x) times in the permutation. Again, we think of w as a word wjw; - - - w,,. For
instance, there are 12 permutations of the multiset {1, 1,2,3}; namely, 1123, 1132,
1213, 1312, 1231, 1321, 2113, 2131, 2311, 3112, 3121, 3211. Let &), denote
the set of permutations of M. If M = {xi{l,...,xf,,”’} and #M = n, then it is
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clear that

#6M=< " > (1.22)
ap,az,...,dy

Indeed, if x; appears in position j of the permutation, then we put the element j
of [n] into Category i.

Our results on binomial coefficients extend straightforwardly to multinomial
coefficients. In particular, we have

n n!
= (1.23)
ai,az,...,an, allay!---ay,!

Among the many ways to prove this result, we can place a; elements of S into
Category 1 in (anl) ways, then a; of the remaining n — a; elements of [n] into

Category 2 in (”;;1) ways, and so on, yielding

N 19 ) B Gl B
a,ay,...,ay aj an am

n!

aylay!---ap!

Equation (1.24) is often a useful device for reducing problems on multinomial
coefficients to binomial coefficients. We leave to the reader the (easy) multinomial
analogue (known as the multinomial theorem) of equation (1.18), namely,

n
Xt =Y ( a)Xflmx;iim’
oYm

ayp+--+am=n ai,az,..

where the sum ranges over all (ay,...,a,,) € N" satisfying a; + - - - +a,, = n. Note
that (1, 1" 1) = n!, the number of permutations of an n-element set.

Binomials and multinomial coefficients have an important geometric interpre-
tation in terms of lattice paths. Let S be a subset of Z¢. More generally, we could
replace Z? by any lattice (discrete subgroup of full rank) in R¥, but for simplicity
we consider only Z¢. A lattice path L in Z@ of length k with steps in S is a sequence
00,1, .., Uk € Z% such that each consecutive difference v; — v;_; lies in S. We
say that L starts at vy and ends at vy, or more simply that L goes from vg to vg.
Figure 1.1 shows the six lattice paths in Z? from (0,0) to (2,2) with steps (1,0)

and (0,1).
. A {
. R

Figure 1.1 Six lattice paths.
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1.2.1 Proposition. Let v = (ay,...,ay) € N, and let e; denote the ith unit coor-
dinate vector in Z¢. The number of lattice paths in Z2 from the origin (0,0,...,0)

to v with steps ey, ...,eq is given by the multinomial coefficient (“éjzzd)

Proof. Let vy,v1,...,v be a lattice path being counted. Then the sequence vy —
V9,V2 —V1,...,Vk — UVk—1 18 simply a sequence consisting of a; ¢;’s in some order.
The proof follows from equation (1.22). 0

Proposition 1.2.1 is the most basic result in the vast subject of lattice path
enumeration. Further results in this area will appear throughout this book.

1.3 Cycles and Inversions

Permutations of sets and multisets are among the richest objects in enumerative
combinatorics. A basic reason for this fact is the wide variety of ways to repre-
sent a permutation combinatorially. We have already seen that we can represent a
set permutation either as a word or a function. In fact, for any set S, the function
w: [n] — S givenby w(i) = w; corresponds to the word wi w3 - - - w,. Several addi-
tional representations will arise in Section 1.5. Many of the basic results derived
here will play an important role in later analysis of more complicated objects
related to permutations.

A second reason for the richness of the theory of permutations is the wide
variety of interesting “statistics” of permutations. In the broadest sense, a statistic
on some class C of combinatorial objects is just a function f : C — S, where S
is any set (often taken to be N). We want f(x) to capture some combinatorially
interesting feature of x. For instance, if x is a (finite) set, then f(x) could be its
number of elements. We can think of f as refining the enumeration of objects in
C. For instance, if C consists of all subsets of an n-set S and f(x) = #x, then f
refines the number 2" of subsets of § into a sum 2" =", (}), where (}) is the
number of subsets of S with k elements. In this section and the next two, we will
discuss a number of different statistics on permutations.

Cycle Structure
If we regard a set permutation w as a bijection w : S — S, then it is natural to
consider for each x € S the sequence x,w(x), w?(x),.... Eventually (since w is
a bijection and S is assumed finite) we must return to x. Thus for some unique
¢ > 1, we have that w’(x) = x and that the elements x,w(x),..., w1 (x) are
distinct. We call the sequence (x,w(x),...,w* "1 (x)) a cycle of w of length £. The

cycles (x,w(x),...,w 1 (x)) and (w (x), w1 (x),..., w" x),x,...,w " (x))
are considered the same. Every element of S then appears in a unique cycle of w,
and we may regard w as a disjoint union or product of its distinct cycles Cy, ..., Cy,

written w = Cj ---Cy. For instance, if w : [7] — [7] is defined by w(l) = 4,
w?2) =2, wB)=7,w@) =1, w®) =3, w6) =6, w(7) =5 (or w=4271365 as
a word), then w = (14)(2)(375)(6). Of course this representation of w in disjoint
cycle notation is not unique; we also have for instance w = (753)(14)(6)(2).
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1 3 Figure 1.2 The digraph of the permutation (14)(2)
O O (375)(6).
O 2 6
4 5 7

A geometric or graphical representation of a permutation w is often useful. A
finite directed graph or digraph D is atriple (V, E,¢), where V = {xy,...,x,}isa
set of vertices, E is a finite set of (directed) edges or arcs, and ¢ is a map from E to
V x V. If ¢ is injective, then we call D a simple digraph, and we can think of E as a
subset of V x V. If e is an edge with ¢ (¢) = (x, ), then we represent e as an arrow
directed from x to y. If w is permutation of the set S, then define the digraph D,,
of w to be the directed graph with vertex set S and edge set {(x,y) : w(x) = y}.
In other words, for every vertex x, there is an edge from x to w(x). Digraphs
of permutations are characterized by the property that every vertex has one edge
pointing out and one pointing in. The disjoint cycle decomposition of a permutation
of a finite set guarantees that D,, will be a disjoint union of directed cycles. For
instance, Figure 1.2 shows the digraph of the permutation w = (14)(2)(375)(6).

We noted earlier that the disjoint cycle notation of a permutation is not unique.
We can define a standard representation by requiring that (a) each cycle is
written with its largest element first, and (b) the cycles are written in increas-
ing order of their largest element. Thus, the standard form of the permutation
w = (14)(2)(375)(6) is (2)(41)(6)(753). Define w to be the word (or permuta-
tion) obtained from w by writing it in standard form and erasing the parentheses.
For example, with w = (2)(41)(6)(753), we have w = 2416753. Now observe that
we can uniquely recover w from w by inserting a left parenthesis in w = ajas - - - a,
preceding every left-to-right maximum or record (also called outstanding element);
thatis, an element a; such thata; > a; forevery j <i.Then insert a right parenthe-
sis where appropriate; that is, before every internal left parenthesis and at the end.
Thus, the map w +— W is a bijection from &, to itself, known as the fundamental
bijection. Let us sum up this information as a proposition.

1.3.1 Proposition. a. The map G,, 4 G, defined above is a bijection.
b. If w € &, has k cycles, then W has k left-to-right maxima.

If w € G5 where #S = n, then let ¢; = ¢;(w) be the number of cycles of w
of length i. Note that n = ) ic;. Define the type of w, denoted type(w), to be
the sequence (cy,...,c,). The total number of cycles of w is denoted c(w), so
c(w) =cr(w) + -+ cp(w).

1.3.2 Proposition. The number of permutations w € Sg of type (ci,...,cp) is
equal to n'/11¢122¢y! - - - nney .
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Proof. Let w = wiw,---w, be any permutation of S. Parenthesize the word w
so that the first ¢; cycles have length 1, the next ¢, have length 2, and so on. For
instance, if (cq,...,c9) =(1,2,0,1,0,0,0,0,0) and w = 427619583, then we obtain
(4)(27)(61)(9583). In general, we obtain the disjoint cycle decomposition of a
permutation w’ of type (cy,...,c,). Hence, we have defined a map @ : G5 — &,
where & is the set of all u € & of type ¢ = (c1,...,¢;). Given u € &%, we claim
that there are 1°1¢(!122¢,!---n“"c,! ways to write it in disjoint cycle notation so
that the cycle lengths are weakly increasing from left to right. Namely, order the
cycles of length i in ¢;! ways, and choose the first elements of these cycles in i
ways. These choices are all independent, so the claim is proved. Hence for each
u € &§, we have #p~! (u) = 11¢112°2¢5! - - -n“" ¢y, and the proof follows since
#Sg5=n!. O

NoOTE. The proof of Proposition 1.3.2 can easily be converted into a bijective proof
of the identity

n! =1¢1122¢,! - n“c,! (#GCS) ,
analogous to our bijective proof of equation (1.16).

Proposition 1.3.2 has an elegant and useful formulation in terms of generating
functions. Suppose that w € &, has type (ci,...,c,). Write

e — 12 gl

and define the cycle indicator or cycle index of G, to be the polynomial

1 t
— — ype(w)
Zn—Zn(tlwu,tn)—n‘ E t . (1.25)

: weSp

(Set Zy = 1.) For instance,
Zy =1,

Zr = 1(t2+t )
2_2 1 2)s
1 3
Z3 = 801 + 311t + 213),

1
Zs= 7 (i} + 610+ 80113 + 365 +614).

1.3.3 Theorem. We have

x2 X3
Zan"=exp<t1x+t2?+t3?+~->. (1.26)
n>0
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Proof. We give a naive computational proof. For a more conceptual proof, see
Example 5.2.10. Let us expand the right-hand side of equation (1.26):

exp Zl‘,’xTi = nexp (t,xl—l>

i>1 i>1

(1.27)

Il
]
1‘ =
\A_ <

Hence, the coefficient of tlcl R SUPUBT equal to O unless Y _ic; = n, in which case

it is equal to
1 1 n!

11611225 -+ n! 1€1¢11292¢y) -+

Comparing with Proposition 1.3.2 completes the proof. 0

Let us give two simple examples of the use of Theorem 1.3.3. For some
additional examples, see Exercises 5.10 and 5.11. A more general theory of
cycle indicators based on symmetric functions is given in Section 7.24. Write
F(t;x) = F(t1,t2,...;x) for the right-hand side of equation (1.26).

1.3.4 Example. Let eg(n) be the number of permutations w € G,, satisfying wb =
1. A permutation w satisfies w® = 1 if and only if all its cycles have length 1,2,3
or 6. Hence,

es(n)=n!Z,(t; =11if i|6, t; = 0 otherwise).

There follows

n
5 :66(n)x—' — F(t; = 1if i|6, ; = 0 otherwise)
n:

n>0

NSRS
=explx+—=—+—=—+—).
P 2 "3 7%

For the obvious generalization to permutations w satisfying w” = 1, see
equation (5.31).

1.3.5 Example. Let E;(n) denote the expected number of k-cycles in a permu-
tation w € G&,,. It is understood that the expectation is taken with respect to the
uniform distribution on &,;, so

1
Exmy=— ) cx(w),

. weSp

where c; (w) denotes the number of k-cycles in w. Now note that from the definition
(1.25) of Z,, we have

d
Ei(n) = Ezn(tlynwtn”ti:l'
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Hence,

n d x2 x3
ZEk(n)x = —exp|hx+tr—+13—+---
=0 oty 2 3

.xk +)C2+x3+
=—explx+=+=—+---
K P 273

;=1

k
X -1
= 7exp10g(1 —Xx)

ko

X
k1—x

=%Zx".

n>0

It follows that Ey (n) = 1/k for n > k. Can the reader think of a simple explanation
(Exercise 1.120)?

Now define c(n,k) to be the number of permutations w € &, with exactly k
cycles. The number s (1, k) := (—1)**c(n, k) is known as a Stirling number of the
first kind, and c(n, k) is called a signless Stirling number of the first kind.

1.3.6 Lemma. The numbers c(n,k) satisfy the recurrence
cmky=(n—Dcn—1,k)+c(n—1,k—1), nk>1,
with the initial conditions c(n,k) =0 ifn <k or k =0, except ¢(0,0) = 1.

Proof. Choose a permutation w € G,,_1 with k cycles. We can insert the symbol
n after any of the numbers 1,2,...,n — 1 in the disjoint cycle decomposition of w
in n — 1 ways, yielding the disjoint cycle decomposition of a permutation w’ € &,
with k cycles for which n appears in a cycle of length at least 2. Hence, there are
(n — 1)c(n — 1,k) permutations w’ € &,, with k cycles for which w’(n) # n.

On the other hand, if we choose a permutation w € &,_; with k — 1 cycles,
we can extend it to a permutation w’ € &, with k cycles satisfying w'(n) = n by
defining

;. w(@), ifien—1]
w(l):{n, if i =n.
Thus there are c¢(n — 1,k — 1) permutations w’ € &, with k cycles for which
w’(n) = n, and the proof follows. O

Most of the elementary properties of the numbers c(n,k) can be established
using Lemma 1.3.6 together with mathematical induction. However, combinato-
rial proofs are to be preferred whenever possible. An illuminating illustration of
the various techniques available to prove elementary combinatorial identities is
provided by the next result.
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1.3.7 Proposition. Lett be an indeterminate and fix n > 0. Then

Zc(n,k)tk=t(t+1)(t+2)~~~(t+n—1). (1.28)
k=0

First Proof. This proof may be regarded as “semi-combinatorial” since it is based
directly on Lemma 1.3.6, which had a combinatorial proof. Let

Fut)=t(+1)-(t+n—1)=> bk
k=0

Clearly b(n,k) =0if n =0 or k =0, except »(0,0) = 1 (an empty product is equal
to 1). Moreover, since

Fp(t)=(@+n—1)F,_1()

n n—1
=Y bn—Lk=Di"+ -1 bn— 1k,
k=1 k=0
there follows b(n,k) = (n — 1)b(n — 1,k) +b(n — 1,k — 1). Hence b(n, k) satisfies
the same recurrence and initial conditions as c(n, k), so they agree. O

Second Proof. Our next proof is a straightforward argument using generating
functions. In terms of the cycle indicator Z,,, we have

n
Zc(n,k)tk =nZ,(t,1.1,...).

k=0

Hence substituting #; =t in equation (1.26) gives

n X" xz x3
ch(n,k)tk—' =expt(x+?+?+...)
>0 k=0 n
=expt(log(1—x)"")
=(1-x)"
—t
= Z(—l)”( )x”
n
n>0
x}’l
=) tt+D...(t+n—D=,
n>0 n.
and the proof follows from taking coefficient of x" /n!. 0

Third Proof. The coefficient of **in F, (1) is

> aray - ay (1.29)

I<ay<ap<--<a,_p=<n-—1
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where the sum is over all (Z:}C) (n — k)-subsets {ay,...,a,—x} of [n — 1]. (Though
irrelevant here, it is interesting to note that this sum is just the (n — k)th elementary
symmetric function of 1,2,...,n — 1.) Clearly (1.29) counts the number of pairs
(S, f), where S € ([Z:}C]) and f: S — [n— 1] satisfies f(i) <i. Thus, we seek a
bijection ¢ : 2 — G, between the set 2 of all such pairs (S, f), and the set &, x
of w € &, with k cycles.

Given (S, f) € Q where S = {aj,...,ap—r}< C[n—1], define T ={j € [n]:
n—j & S}. Let the elements of [n] — T be by > by > --- > b,_¢. Define w =
@ (S, f) to be that permutation that when written in standard form satisfies: (i)
the first (= greatest) elements of the cycles of w are the elements of T, and (ii)
for i € [n — k] the number of elements of w preceding b; and larger than b; is
f(a;). We leave it to the reader to verify that this construction yields the desired
bijection. O

1.3.8 Example. Suppose that in the preceding proofn =9,k =4, § ={1,3,4,6,8},
f(H=1,f3)=2,f& =1, f(6)=3, f(8)=6.Then T ={2,4,7,9},[9]1- T =
{1,3,5,6,8}, and w = (2)(4)(753)(9168).

Fourth Proof of Proposition 1.3.7. There are two basic ways of giving a com-
binatorial proof that two polynomials are equal: (i) showing that their coefficients
are equal and (ii) showing that they agree for sufficiently many values of their vari-
able(s). We have already established Proposition 1.3.7 by the first technique; here
we apply the second. If two polynomials in a single variable ¢ (over the complex
numbers, say) agree for all # € P, then they agree as polynomials. Thus, it suffices
to establish (1.28) for all r € P.

Letr € P, and let C(w) denote the set of cycles of w € G,,. The left-hand side
of (1.28) counts all pairs (w, ), where w € G, and f : C(w) — [¢]. The right-

hand side counts integer sequences (aj,ds,...,a,) where 0 <a; <t+n—i—1.
(There are historical reasons for this restriction of g;, rather than, say, 1 <a; <
t +1i —1.) Given such a sequence (aj,a»,...,ay), the following simple algorithm

may be used to define (w, f). First, write down the number n and regard it as
starting a cycle Cy of w. Let f(Cy) = a, + 1. Assuming n,n — 1,....n —i +
1 have been inserted into the disjoint cycle notation for w, we now have two
possibilities:

i. 0 <a,—; <t — 1. Then start a new cycle C; with the element n —i to the left
of the previously inserted elements, and set f(C;) =a,—; + 1.

ii. ay—; =t +k where 0 <k <i — 1. Then insert n — i into an old cycle so that it
is not the leftmost element of any cycle, and so that it appears to the right of
k + 1 of the numbers previously inserted.

This procedure establishes the desired bijection. U
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1.3.9 Example. Suppose n =9, t =4, and (ay,...,a9) = (4,8,5,0,7,5,2,4,1).
Then w is built up as follows:

&)

(98)

(7)(98)

(7)(968)
(7)(9685)
(4)(7)(9685)
(4)(73)(9685)
(4)(73)(96285)
(41)(73)(96285).

Moreover, f(96285) =2, f(73) =3, f(41)=1.

Note that if we set ¢ = 1 in the preceding proof, we obtain a combinatorial proof
of the following result.

1.3.10 Proposition. Let n,k € P. The number of integer sequences (ay,...,a)
such that 0 < a; <n —i and exactly k values of a; equal 0 is c¢(n,k)

Note that because of Proposition 1.3.1, we obtain “for free” the enumeration of
permutations by left-to-right maxima.

1.3.11 Corollary. The number of w € G, with k left-to-right maxima is c(n, k).

Corollary 1.3.11 illustrates one benefit of having different ways of representing
the same object (here a permutation) — different enumerative problems involving
the object turn out to be equivalent.

Inversions

The fourth proof of Proposition 1.3.7 (in the case ¢t = 1) associated a permutation
w € &, with an integer sequence (ay,...,a,), 0 <a; <n —i. There is a different
method for accomplishing this which is perhaps more natural. Given such a vector
(ay,...,ay),assumethatn,n—1,...,n —i+ 1 have been inserted into w, expressed
this time as a word (rather than a product of cycles). Then insert n — i so that it
has a,—; elements to its left. For example, if (ay,...,a9) = (1,5,2,0,4,2,0,1,0),
then w is built up as follows:

9

98

798

7968
79685
479685
4739685
47396285
417396285.
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Clearly a; is the number of entries j of w to the left of i satisfying j > i. A pair
(w;, w;) is called an inversion of the permutation w = wiwy---w, if i < j and
w; > w;. The sequence I (w) = (ai,...,a,) is called the inversion table of w. The
preceding algorithm for constructing w from its inversion table /(w) establishes
the following result.

1.3.12 Proposition. Let
T, ={(a1,...,ay) :0<a; <n—i}=[0,n—1] x[0,n —2] x --- x [0,0].

The map I : &, — T, that sends each permutation to its inversion table is a
bijection.

Therefore, the inversion table / (w) is yet another way to represent a permutation
w. Let us also mention that the code of a permutation w is defined by code(w) =
I(w™h. Equivalently, if w = w; - - - w, and code(w) = (c1,...,cp), then ¢; is equal
to the number of elements w; to the right of w; (i.e., i < j) such that w; > w;.
The question of whether to use I/ (w) or code(w) depends on the problem at hand
and is clearly only a matter of convenience. Often it makes no difference which is
used, such as in obtaining the next corollary.

1.3.13 Corollary. Let inv(w) denote the number of inversions of the permutation
weGS,. Then

Y g =1+ +q+qD) - A+q+g+ 44", (1.30)

weSp

Proof. If I(w) = (ay,...,a,) then inv(w) =a; + - - - + a,. Hence,

n—1 n-2 0
inv(w) __ ay+ar+-+a
)OPLIEED 3D IR SPCMERT
webp a;=0ay=0 an=0
n—1 n—2 0
a a a
(Za)(Zam) (2],
a1=0 ay=0 ap=0
as desired. O

The polynomial (1+¢)(1+¢g +¢2)---(1+qg+---+¢" ") is called “the ¢-
analogue of n!” and is denoted (r)!. Moreover, we denote the polynomial 1 +¢q +
<o q" '=(1—¢"/(1 —¢q) by (n) and call it “the g-analogue of n,” so that

m)!=1)Q2)---(n).

In general, a g-analogue of a mathematical object is an object depending on the
variable g that “reduces to” (an admittedly vague term) the original object when
we set ¢ = 1. To be a “satisfactory” g-analogue more is required, but there is
no precise definition of what is meant by “satisfactory.” Certainly one desirable
property is that the original object concerns finite sets, while the g-analogue can
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be interpreted in terms of subspaces of finite-dimensional vector spaces over the
finite field ;. For instance, n! is the number of sequences § = So C Sy C --- C
S, = [n] of subsets of [n]. (The symbol C denotes strict inclusion, so #S; =1i.)
Similarly if ¢ is a prime power then (r)! is the number of sequences 0 = Vy C
ic..-cV,= IFZ of subspaces of the n-dimensional vector space IFZ over [,
(so dim V; =i). For this reason (n)! is regarded as a satisfactory g-analogue of
n!. We can also regard an i-dimensional vector space over [, as the g-analogue
of an i-element set. Many more instances of g-analogues will appear throughout
this book, especially in Section 1.10. The theory of binomial posets developed
in Section 3.18 gives a partial explanation for the existence of certain classes of
g-analogues including (n)!.

We conclude this section with a simple but important property of the statistic
inv.

1.3.14 Proposition. Forany w =wjw;---w, € &, we have inv(w) = inv(w™h).

Proof. The pair (i, j) is an inversion of w if and only if (w;,w;) is an inversion
of w™. O

1.4 Descents

In addition to cycle type and inversion table, there is one other fundamental statistic
associated with a permutation w € S,,. f w =wjwy---wy, and 1 <i <n—1, then
i is a descent of w if w; > w;y1, while i is an ascent if w; < w;;1. (Sometimes
it is desirable to also define n to be a descent, but we will adhere to the previous
definition.) Define the descent set D(w) of w by

D(w)={i : w; > w;y1} S [n—1].

If S € [n — 1], then denote by «(S) (or o, (S) if necessary) the number of permu-
tations w € &, whose descent set is contained in S, and by B(S) (or B,(S)) the
number whose descent set is equal to S. In symbols,

a(S)=#{we &, : D(w)C S}, (1.31)
B(S)=#{we S, : D(w)=S}. (1.32)
Clearly,
a($) =Y B(I). (1.33)
TCS

As explained in Example 2.2.4, we can invert this relationship to obtain

B(S) =Y (=1 Da(T). (1.34)

res

1.4.1 Proposition. Let S ={sy,...,sx}< € [n—1]. Then

aw:( " ) (1.35)
$1,82 — 81,83 —82,..., 0 — Sk
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Proof. To obtain a permutation w = wjw; - -- w, € G, satisfying D(w) C S, first
. n
choosew| <wy <--- < wy, In (51) ways. Then choose Wy +1 < Wy 42 <+ < Wy,

in ("~°1) ways, and so on. We therefore obtain
2 Sl
n\(n—s1\[(n—s n—s
a(S):( )( 1)( 2)( k)
51 52 — 81 53 — 82 n— Sk

n
~ \s1,8 = 51,53 —82,...,n—5¢)

as desired. O

1.4.2 Example. Letn > 9. Then

Bn(3,8) = x (3,8) —p(3) — n(8) + (V)

B (3,5,’; - 8) - (Z) B @ o

Two closely related descent sets are of special combinatorial interest. We say that
a permutation w = wjw;y - - - wy, € &, (or more generally any sequence of distinct
numbers) is alternating (or zigzag or down-up) if w; > wy < w3 > wg < ---.
Equivalently, D(w) = {1,3,5,...} N [n — 1]. The alternating permutations in G4
are 2143, 3142, 3241, 4132, 4231. Similarly, w is reverse alternating (or up-
down) if w; < wy > w3 < wy > ---. Equivalently, D(w) = {2,4,6,...}N[n —1].
The reverse alternating permutations in G4 are 1324, 1423, 2314, 2413, 3412.
The number of alternating permutations w € &,, is denoted E,, (with Eg = 1) and
is called an Euler number. (Originally, (—1)" E,, was called an Euler number.)
Since w is alternating if and only if n +1 —wy,n+ 1 —wy,...,.n+ 1 —w, is
reverse alternating, it follows that E, is also the number of reverse alternating
permutations in &,. We will develop some properties of alternating permutations
and Euler numbers in various subsequent sections, especially Section 1.6.

NoTE. Some mathematicians define alternating permutations to be our reverse
alternating permutations, while others define them to be permutations which are
either alternating or reverse alternating according to our definition.

For the remainder of this section, we discuss some additional permutation statis-
tics based on the descent set. The first of these is the number of descents of w,
denoted des(w). Thus, des(w) =#D(w). Let

Ag(x)= ) xltdesm (1.36)

weSy

d
= ZA(d,k)xk.
k=1
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Hence A(d, k) is the number of permutations w € S, with exactly k — 1 descents.
The polynomial A;(x) is called an Eulerian polynomial, while A(d,k) is an
Eulerian number. We set A(0,k) = k. The first few Eulerian polynomials are

Apg(x) =1
Al(x)=x
Ar(x)=x +x?

Az(x)=x +4x? + 53

As(x) = x + 11x2 + 1123 + x*

As(x) = x 4 26x2 + 66x> +26x* 4+ x°

Ag(x) = x +57x% +302x> 4+ 302x* + 577 + x©

A7(x) = x + 120x2 + 1191x> + 2416x* + 1191x° + 120x° + x7

Ag(x) = x +247x% +4293x3 + 15619x* + 15619x° + 42934
+247x7 + x5,

The bijection w — w of Proposition 1.3.1 yields an interesting alternative
description of the Eulerian numbers. Suppose that

w= (a17a27---7ai1)(ai1+17ai1+25- . -7ai2) e (aik_1+1’aik_1+2" . '5ad)

is a permutation in &, written in standard form. Thus, a1, Qij 41, .-, dip_;+1 are
the largest elements of their cycles, and a; < Aiy+1 <+ <aip_q+1-1t follows that
ifw(a;) #aj+1,thena; <a;y1.Hence,a; <ajyori =difandonlyif w(a;) > a;,
so that

d—des(w) =#{i €[d] : w(i) >i}.

A number i for which w(i) > i is called a weak excedance of w, while a number i
for which w(i) > i is called an excedance of w. One easily sees that a permutation
w = wiwy - - - wy has k weak excedances if and only if the permutation uus - --ug
defined by u; =d + 1 —wy_;+1 has d — k excedances. Moreover, w hasd — 1 —
descents if and only if wywg_1---w; has j descents. We therefore obtain the
following result.

1.4.3 Proposition. The number of permutations w € Sy with k excedances, as

well as the number with k + 1 weak excedances, is equal to the Eulerian number
Ad,k+1).

The next result gives a fundamental property of Eulerian polynomials related
to generating functions.

1.4.4 Proposition. For every d > 0, we have

dom  Ad)
m%m = T (1.37)
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Proof. The proofis by inductionond. Since ), .ox™ =1/(1—x), the assertion is
true for d = 0. Now assume that equation (1.37) holds for some d > 0. Differentiate
with respect to x and multiply by X to obtain

S —0)AY() +(d + DxAg(x) (138)
= (1— x)d+2
Hence, it suffices to show that
Agr1(x) =x(1 =x) A (x) 4+ (d + DxAg(x).
Taking coefficients of x* on both sides and simplifying yields
A(d+1,k)=kA(d,k)+(d—k+2)A(d,k—1). (1.39)

The left-hand side of equation (1.39) counts permutations in G441 with k — 1
descents. We can obtain such a permutation uniquely in one of two ways. For the
first way, choose a permutation w = w; - - - wy € &4 with k — 1 descents, and insert
d+ 1 after w; ifi € D(w), orinsertd + 1 at the end. There are k ways to insertd + 1,
so we obtain by this method kA (d, k) permutations in G, with kK — 1 descents.
For the second way, choose w = w;---wg € &4 with k — 2 descents, and insert
d + 1 after w; if i & D(w), or insert d + 1 at the beginning. There are d — k + 2
ways to insert d + 1, so we obtain a further (d — k +2)A(d,k — 1) permutations
in G441 with k — 1 descents. We have verified that the recurrence (1.39) holds, so
the proof follows by induction. g

The appearance of the expression m¢ in equation (1.37) suggests that there

might be a more conceptual proof involving functions f : [d] — [m]. We give
such a proof at the end of this section.

We can also give a formula for the exponential generating function of the
Eulerian polynomials themselves. For this purpose, define Ag(x) = 1.

1.4.5 Proposition. We have

ZAd(x) —x (1.40)

— xe(l=0t"
=0

Proof. Perhaps the simplest proof at this point is to multiply equation (1.37) by
t4/d! and sum on d > 0. We get (using the convention 0° = 1, which is often
“correct” in enumerative combinatorics)

Ag(x) ¢
Z(l d)d+1d| sz

d>0m=>0

_2 :xm mt

m=>0
1
T 1—xet’
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Now multiply both sides by 1 — x and substitute (1 — x)# for ¢ to complete the
proof. (A more conceptual proof will be given in Section 3.19.) (|

A further interesting statistic associated with the descent set D (w) is the major
index (originally called the greater index), denoted maj(w) (originally ¢(w)) and
defined to be the sum of the elements of D(w):

maj(w)= Y i.
)

ieD(w

We next give a bijective proof of the remarkable result that inv and maj are
equidistributed, that is, for any k,

#Hwe S, :inv(w) =k} =#Hw e S, : maj(w) =k}. (1.41)

Note that in terms of generating functions, equation (1.41) takes the form

Z qinv(w)z Z qmaj(u)).

weSp weSp

1.4.6 Proposition. We have

> g™ = @) (1.42)

weGp

Proof. We will recursively define a bijection ¢ : G, — S, as follows. Let w =
wi---w, € S,. We will define words (or sequences) y1,...,Y,, Where y; is a
permutation of {wi,..., wk}.

First, let y; = wy. Assume that y; has been defined for some 1 < k < n. If the
last letter of y; (which turns out to be wy) is greater (respectively, smaller) than
wi+1, then split yy after each letter greater (respectively, smaller) than wy1. These
splits divide y, into compartments. Cyclically shift each compartment of y, one
unit to the right, and place wy4; at the end. Let ;4 be the word thus obtained.
Set p(w) = yn.

1.4.7 Example. Before analyzing the map ¢, let us first give an example. Let
w = 683941725 € Gyg. Then y; = 6. It is irrelevant at this point whether 6 < w; or
6 > w, since there can be only one compartment, and y, = 68. Now 8 > w3 =3,
so we split 68 after numbers greater than 3, getting 6|8. Cyclically shifting the two
compartments of length one leaves them unchanged, so y3 = 683. Now 3 < w4 =9,
so we split 683 after numbers less than 9. We get 6|8 | 3 and y4 = 6839. Now
9 > ws =4, so we split 6839 after numbers greater than 4, giving 6|8|39. The cyclic
shift of 39 is 93, so y5 = 68934. Continuing in this manner gives the following



36 What Is Enumerative Combinatorics?

sequence of y;’s and compartments:

6

6] 8
6| 8| 3
6] 8/ 3 9

6] 8] 9| 3| 4

6] 8 9 3| 4] 1

6] 31 81 9] 4] 17

6 318 9 4] 7 1|2
36 4 8 9 17 25

Hence, ¢ (w) = 364891725. Note that maj(w) = inv(p(w)) = 18.

Returning to the proof of Proposition 1.4.6, we claim that ¢ is a bijection
transforming maj to inv, that is,

maj(w) = inv(e(w)). (1.43)

We have defined inv and maj for permutations w € G,, but precisely the same
definition can be made for any sequence w = wj - - - w,, of integers. Namely,

inv(w) =#{(,j) : i < j, wi >w;},

maj(w) = Z i.

z:wl~>wi+1

Let ny = wiws - -- wg. We then prove by induction on & that inv(yx) = maj(ng),
from which the proof follows by letting k = n.

Clearly inv(y;) = maj(n;) = 0. Assume that inv () = maj(ny) for some k < n.
First, suppose that the last letter wy of yy is greater than wy1. Thus, k € D(w), so
we need to show that inv(yx+1) = k +inv(yx). The last letter of any compartment
C of yx is the largest letter of the compartment. Hence, when we cyclically shift
this compartment, we create #C — 1 new inversions. Each compartment contains
exactly one letter larger than wy1, so when we append wy to the end of yy, the
number of new inversions (i,k + 1) is equal to the number m of compartments.
Thus, altogether we have created

Z(#C—l)+m=k
C

new inversions, as desired. The proof for the case wy < wy4 is similar and will
be omitted.

It remains to show that ¢ is a bijection. To do so we define ¢~ '. Let
v=uvwm---v, €S, We want to find a (unique) w = wywy---w, € &, so
that ¢(w) = v. Let §,—1 = vjv2---v,—1 and w, = v,. Now suppose that 5; and
Wk+1, Wk+2, - - - » Wy, have been defined for some 1 < k < n. If the first letter of §;
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is greater (respectively, smaller) than wy 1, then split §; before each letter greater
(respectively, smaller) than wy1. Then in each compartment of §; thus formed,
cyclically shift the letters one unit to the left. Let the last letter of the word thus
formed be wy, and remove this last letter to obtain §x_;. It is easily verified that
this procedure simply reverses the procedure used to obtain v = ¢(w) from w,
completing the proof. (]

Proposition 1.4.6 establishes the equidistribution of inv and maj on &,,. When-
ever we have two equidistributed statistics f,g : S — N on a set S, we can ask
whether a stronger result holds, namely, whether f and g have a symmetric joint
distribution. This means that for all j,k we have

#HxeS: f)=j,gx)=k}=#xeS: f(x)=k, gx)=j}. (1.44)

This condition can be restated in terms of generating functions as

3OO = 3 gs @ S0,

xes xes
The best way to prove (1.44) is to find a bijection ¥ : S — S such that for all x € S,
we have f(x) = g(¥(x)) and g(x) = f(¥(x)). In other words, ¥ interchanges
the two statistics f and g.

Our next goal is to show that inv and maj have a symmetric joint distribution
on G,. We will not give an explicit bijection ¥ : &, — &, interchanging inv
and maj, but rather we will deduce it from a surprising property of the bijection ¢
defined in the proof of Proposition 1.4.6. To explain this property, define the inverse
descent set ID(w) of w € G,, by ID(w) = D(w™). Alternatively, we may think of
ID(w) as the “reading set” of w as follows. We read the numbers 1,2,...,n in w
from left-to-right in their standard order, going back to the beginning of w when
necessary. For instance, if w = 683941725, then we first read 12, then 345, then
67, and finally 89. The cumulative number of elements in these reading sequences,
excluding the last, form the reading set of w. It is easy to see that this reading set
is just ID(w). For instance, ID(683941725) = {2,5,7}.

We can easily extend the definition of ID(w) to arbitrary sequences wjw; - - - wy,
of distinct integers. (We can even drop the condition that the w;’s are distinct,
but we have no need here for such generality.) Simply regard w = wyw;---w,
as a permutation of its elements written in increasing order, that is, if S =
{w,...,w,} ={uy,...,u,}<, then identify w with the permutation of S defined
by w(u;) = w;. We can then write w1 as a word in the same way as w and
hence can define ID(w) as the descent set of w™! written as a word. For instance,
if w = 74285, then w~! = 54827 and ID(w) = {1,3}. We can obtain the same
result by reading w in the increasing order of its elements as before, obtaining
reading sequences uuj - Uiy Uil Uiy Uil Uiy and then obtain-
ing ID(w) = {iy,i2,...,i;} (the cumulative numbers of elements in the reading
sequences). For instance, with w = 74285 the reading sequences are 2, 45, 78,
giving ID(w) = {1, 3} as before.
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1.4.8 Theorem. Let ¢ be the bijection defined in the proof of Proposition 1.4.6.
Then for all w € G, ID(w) = ID(p(w)). In other words, ¢ preserves the inverse
descent set.

Proof. Preserve the notation of the proof of Proposition 1.4.6. We prove by induc-
tion on k that ID(y;) = ID(nx), from which the proof follows by setting k = n.
Clearly, ID(y;) =1ID(n1) = . Assume that ID(y;) = ID(#n;) for some k < n. First,
suppose that the last letter wy of yj is greater than wy 1, so that the last letter of
any compartment C of y4 is the unique letter in the compartment larger than wy .
Consider the reading of 1. It will proceed just as for n; until we encounter the
largest letter of 1y less than w1, in which case we next read w1 and then return
to the beginning. Exactly the same is true for reading 1, so by the induction
hypothesis, the reading sets of nx41 and 441 are the same up to this point. Let L
be the set of remaining letters to be read. The letters in L are those greater than
wk+1. The reading words of these letters are the same for i and y, by the induc-
tion hypothesis. But the letters of L appear in the same order in 7 and 141 by
definition of 7 ;. Moreover, they also appear in the same order in y; and yx41 since
each such letter appears in exactly one compartment, so cyclic shifts (or indeed
any permutations) within each compartment of y; does not change their order in
yk+1- Hence, the reading words of the letters in L are the same for 1 and yx41,
so the proof follows for the case wy > wg41. The case wy < wg41 is similar and
will be omitted. 0

Let imaj(w) = maj(w_l) =) cID(w) i. As an immediate corollary to Theo-
rem [.4.8, we get the symmetric joint distribution of three pairs of permutations
statistics including (inv,maj), thereby improving Proposition 1.4.6. For fur-
ther information about the bidistribution of (maj,imaj), see Exercise 4.47 and
Corollary 7.23.9.

1.4.9 Corollary. The three pairs of statistics (inv,maj), (inv,imaj), and
(maj,imaj) have symmetric joint distributions.

Proof. Let f be any statistic on &, and define g by g(w) = f(w™'). Clearly
(f,g) have a symmetric joint distribution, of which (maj,imaj) is a special case.
By Theorem 1.4.8, ¢ transforms maj to inv while preserving imaj, so (inv,imaj)
have a symmetric joint distribution. It then follows from Proposition 1.3.14 that
(inv, maj) have a symmetric joint distribution. g

We conclude this section by discussing a connection between permutations
w € G, and functions f : [n] — N (the set N could be replaced by any totally
ordered set) in which the descent set plays a leading role.

1.4.10 Definition. Letw = wjw; - - - w, € G,. We say that the function f : [n] - N
is w-compatible if the following two conditions hold.
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@ fw) = fw) == f(wy)
®) fwi) > fwir1)if wi > wips (e, if i € D(w))

1.4.11 Lemma. Given f : [n] — N, there is a unique permutation w € S,, for
which f is w-compatible.

Proof. An ordered partition or set composition of a (finite) set S is a vector
(B1,Ba,...,By) of subsets B; C S such that B; # @, B; N B; = for i # j,
and By U---U By = §. Clearly there is a unique ordered partition (By,..., Bx)
of [n] such that f is constant on each B; and f(B1) > f(B2) > --- > f(By)
(where f(B;) means f(m) for any m € B;). Then w is obtained by arranging the
elements of Bj in increasing order, then the elements of B; in increasing order,
and so on. [l

The enumeration of certain natural classes of w-compatible functions is closely
related to the statistics des and maj, as shown by the next lemma. Further enumer-
ative results concerning w-compatible functions appear in Subsection 3.15.1. For
w € G, let A(w) denote the set of all w-compatible functions f : [n] — N; and
for w € &y, let A, (w) denote the set of w-compatible functions f : [d] — [m],
ie., A, (w)=Aw)N[m]9 where in general if X and Y are sets then YX denotes
the set of all functions f : X — Y. Note that Ag(w) = ¢.

1.4.12 Lemma. (a) For w € &; and m > 0, we have

#A, (w) = (m +d—1-— des(w)) _ <<m - des(w))) (145)

d d
and
” xl+des(w)
Z#Am(w)-x = T (1.46)
m>1
(If0 <m < des(w), then we set ((mfdjs(w))) =0.)
(b) For f :[n] — N, write | f| =) "7_, f(i). Then for w € &,, we have
maj(w)
> 4= 1 (1.47)

B (O ROy
Proof. The basic idea of both proofs is to convert “partially strictly decreasing”
sequences to weakly decreasing sequences similar to our first direct proof in
Section 1.2 of the formula ((})) = ("H]z*l). We will give “proofs by example”
that should make the general case clear.

(a) Let w =4632715. Then f € A, (w) if and only if

mzf@4)zf6)>f03)>f2Q=f(D>fD)=fG5) =L (1.48)

Letg(5)=f(5),g()=f(1),g(N=f(N—-1,82)=f2)—1,g3)=f(3) -2,
g(6)= f(6)—3,g(4) = f(4) —3.In general, g(j) = f(j) —hj, where h; is the
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number of descents of w to the right of j. Equation (1.48) becomes
m—3zg#*zg6)z2gB3)zg2)zg(MNzg)zgB) =1

Clearly the number of such g is ((’"7_ 3 )) = ((m_djs(w))), and (1.45) follows.

There are numerous ways to obtain equation (1.46) from equation (1.45), for
example, by observing that

((Wl — deS('LU) >> _ (_l)m—des(w)—l< _(d + 1) )
d B m —des(w) — 1

and using (1.20).
(b) Let w = 4632715 as in (a). Then f € A(w) if and only

fF@O=fO)>f3)>f2)=f(TN)>f(1)=f(5)=0. (1.49)
Defining g as in (), equation (1.49) becomes
8(4)=g(6) > g(3) =g(2) = g(7) = g(1) = g(5) = 0.
Moreover, )~ f (i) = )" g(i) + 10=)_g(i) + maj(w). Hence,
3 g = gmie) ) FEDHES),
FeAw) §(4)28(6)28(3)2g(2) =g (N 2g(1)25(5)20

The latter sum is easy to evaluate in a number of ways, for example, as an iterated
geometric progression (i.e., first sum on g(4) > g(6), then on g(6) > g(3), etc.).
It also is equivalent to equation (1.76). The proof follows. g

Let NI"I denote the set of all functions f :[n]— N, and let A(w) denote those
f € NIl that are compatible with w € &,,. Lemma 1.4.11 then says that we have
a disjoint union

N = Jwes, Aw). (1.50)
It also follows that
(] = wee, Anw). (1.51)

We now are in a position to give more conceptual proofs of Propositions 1.4.4 and
1.4.6. Take the cardinality of both sides of (1.51), multiply by x™, and sum on

m > 0. We get
Zmdxmz Z #A, (w)-x™.

m=>0 wedy

The proof of Proposition 1.4.4 now follows from equation (1.46). Similarly, by

(1.50) we have
Z g\ = Z Z g\,

fenlnl webp feA(w)
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The left-hand side is clearly 1/(1 — ¢)", whereas by equation (1.47) the right-hand
side is
maj(w)

q
2 Toi—a =
vea, =01 =g%)---(1—g")
Hence .
1 ZwEGn qmaj(w)

(I=g)  A=g)(1=g»---(1—¢")’
Multiplying by (1—¢)(1 —g?)--- (1 —¢") and simplifying gives Proposition 1.4.6.

1.5 Geometric Representations of Permutations

We have seen that a permutation can be regarded as either a function, a word, or
a sequence (the inversion table). In this section, we will consider four additional
ways of representing permutations and will illustrate the usefulness of each such
representation.

The first representation is the most obvious, namely, a permutation matrix.
Specifically, if w € &, then define the n x n matrix P,,, with rows and columns
indexed by [n], as follows:

1, ifw@i)=j
0, otherwise.

(Py)ij = {

The matrix P, is called the permutation matrix corresponding to w. Clearly, a
square (0, 1)-matrix is a permutation matrix if and only if it has exactly one 1 in
every row and column. Sometimes it is more convenient to replace the 0’s and 1’s
with some other symbols. For instance, the matrix P,, could be replaced by an x n
grid, where each square indexed by (i, w (7)) is filled in. Figure 1.3 shows the matrix
P, corresponding to w = 795418362, together with the equivalent representation
as a grid with certain squares filled in.

To illustrate the use of permutation matrices as geometric objects per se, define
a decreasing subsequence of length k of a permutation w = w;---w, € &, to
be a subsequence Wip > Wiy > -0 > Wi (so i} < iy < --+ < iy by definition
of subsequence). (Increasing subsequence is similarly defined, though we have
no need for this concept in the present example.) Let f(n) be the number of
permutations w € G,, with no decreasing subsequence of length three. For instance,

.

maw

Figure 1.3 The permutation matrix of
the permutation w = 795418362.

'coocoo—-ococoo!
~ocococococococo
co—~ococococoo
cocococo—~oco0Oo
cococococo—-o0cOo
o—~000O0OO0OOCO
cococoocooOo—=
coco—_0co00O0O

Oo0o0000O0—=O,
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Figure 1.4 Lattice paths corre-
sponding to 321-avoiding per-
mutations.

f(3) =5 since 321 is the only excluded permutation. Let w be a permutation with
no decreasing subsequence of length three, and let P,, be its permutation matrix,
where for better visualization we replace the 1’s in P, by X’s. Draw a lattice path
L., from the upper-left corner of P,, to the lower-right corner, where each step
is one unit to the right (east) or down (south), and where the “outside corners”
(consisting of a right step followed by a down step) of L,, occur at the top and
right of each square on or above the main diagonal containing an X. We trust that
Figure 1.4 will make this definition clear; it shows the five paths for w € G3 as
well as the path for w =412573968. It is not hard to see that the lattice paths so
obtained are exactly those that do not pass below the main diagonal. Conversely,
it is also not hard to see that given a lattice path L not passing below the main
diagonal, there is a unique permutation w € &,, with no decreasing subsequence
of length three for which L = L.

We have converted our permutation enumeration problem to a much more
tractable lattice path counting problem. It is shown in Corollary 6.2.3 that the

number of such paths is the Catalan number C,, = ﬁ (2”"), so we have shown that

fm) =C,. (1.52)

The growth diagrams discussed in Section 7.13 show a more sophisticated use of
permutation matrices.

NoTE. The Catalan numbers form one of the most interesting and ubiquitous
sequences in enumerative combinatorics; see Chapter 6, especially Corollary 6.2.3
and Exercise 6.19, for further information.

An object closely related to the permutation matrix Py, is the diagram of w € G,,.
Represent the set [n] x [n] as ann X n array of dots, using matrix coordinates, so the
upper-left dot represents (1, 1), the dot to its right is (1,2), and so on. If w(i) = j,
then from the point (i, j) draw a horizonal line to the right and vertical line to the
bottom. Figure 1.5 illustrates the case w = 314652. The set of dots that are not
covered by lines is called the diagram D,, of w. For instance, Figure 1.5 shows that

D314652 = {(1,1),(1,2),(3,2),(4,2),(4,5),(5,2)}.

The dots of the diagram are circled for greater clarity.
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oo o Figure 1.5 The diagram of the permutation w = 314652.

= ONONOM NO|
®
T

It is easy to see that if a; denotes the number of elements of D,, in column j,
then the inversion table of w is given by I (w) = (ay,az,...,a,). Similarly, if ¢; is
the number of elements in the ith row of D, then code(w) = (c¢1,¢3,...,¢Cn).
If D!, denotes the transpose (relection about the main diagonal) of D, then
va = Dw,1 .

As an illustration of the use of the diagram D,,, define a permutation w =
wi---wy € G, to be 132-avoiding if there does not exist i < j < k with w; <
wi < w;. In other words, no subsequence of w of length three has its terms in
the same relative order as 132. Clearly, this definition can be generalized to define
u-avoiding permutations, where u € S;. For instance, the previously considered
permutations with no decreasing subsequence of length three are just 321-avoiding
permutations.

It is not hard to see that w is 132-avoiding if and only if there exists integers
A1 > Xy > --- >0 such that for all i > 0O the ith row of D,, consists of the first A;
dots in that row. In symbols,

Dy ={G,j) : 1 =j =X}

Equivalently, if (i, j) € Dy, and i’ <i, j' < j, then (i’, j') € D,,. In the terminol-
ogy of Section 1.7, the sequence A = (A1, A2,...) is a partition of Y A; = inv(w),
and D, is the Ferrers diagram of ). In this sense, diagrams of permutations are
generalizations of diagrams of partitions. Note that in any n x n diagram D,,,
where w € G,,, there are at least i dots in the ith row that do not belong to D,,.
Hence if w is 132-avoiding then the corresponding partition A = (A1,...A,) satis-
fies A; <n —i. Conversely, it is easy to see that if A satisfies A; <n — i, then the
Ferrers diagram of A is the diagram of a (necessarily 132-avoiding) permutation
w € &,. Hence, the number of 132-avoiding permutations in S,, is equal to the
number of integer sequences A; > --- > A, > 0 such that »; <n —i. It follows
from Exercise 6.19(s) that the number of such sequences is the Catalan number
C,= ﬁ (2”") (There is also a simple bijection with the lattice paths that we put
in one-to-one correspondence with 321-avoiding permutations. In fact, the lattice
path construction we applied to 321-avoiding permutations works equally well for
132-avoiding permutations if our paths go from the upper right to lower left; see
Figure 1.6.) Hence by equation (1.52) the number of 132-avoiding permutations
in G, is the same as the number of 321-avoiding permutations in &, (i.e., permu-
tations in S,, with no decreasing subsequence of length three). Simple symmetry
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Figure 1.6 Lattice paths corresponding to 132-avoiding permutations in S3.

i Figure 1.7 The definition of T'(w).

T(w)

arguments (e.g., replacing wiws - - - w, with wy, --- wow1) then show that, for any
u € G3, the number of u-avoiding permutations w € &, is Cj,.

Since #D,, = inv(w), the preceding characterization of diagrams of 132-
avoiding permutations w € &, yields the following refinement of the enumeration
of such w.

1.5.1 Proposition. Let Sy35(n) denote the set of 132-avoiding w € &,,. Then

Z qinv(w) — qu’

weS 3 (n) A

where A ranges over all integer sequences A1 > -+ > ,, > 0 satisfying »; <n —1,
and where |A] =) A;.

For further information on the sums appearing in Proposition 1.5.1, see
Exercise 6.34(a).

We now consider two ways to represent a permutation w as a tree 7 and discuss
how the structure of 7 interacts with the combinatorial properties of w. Let w =
wiws - - - w, be any word on the alphabet P with no repeated letters. Define a binary
tree T (w) as follows. If w = @, then T (w) = @. If w # ¢, then let i be the least
element (letter) of w. Thus, w can be factored uniquely in the form w = uiv. Now
let i be the root of T (w), and let T (u) and T (v) be the left and right subtrees
of i; see Figure 1.7. This procedure yields an inductive definition of 7' (w). The
left successor of a vertex j is the least element k to the left of j in w such that
all elements of w between k and j (inclusive) are > j, and similarly for the right
successor.

1.5.2 Example. Let w =57316284. Then T (w) is given by Figure 1.8.

The correspondence w — T (w) is abijection between &,, and increasing binary
trees on n vertices; that is, binary trees with n vertices labeled 1,2,...,n such that
the labels along any path from the root are increasing. To obtain w from 7T (w),



1.5 Geometric Representations of Permutations 45

Figure 1.8 The increasing binary tree 7 (57316284).

read the labels of w in symmetric order, that is, first the labels of the left subtree
(in symmetric order, recursively), then the label of the root, and then the labels of
the right subtree.

Let w =wjw;---w, € &,. Define the element w; of w to be

a double rise or double ascent, if w;_1 < w; < W41
a double fall or double descent, if w;_1 > w; > w;4|
apeak, if wi—1 <w; > w4
avalley, if wi—1 > w; <wj4+q,

where we set wyg = w,41 = 0. It is easily seen that the property listed below of an
element i of w corresponds to the given property of the vertex i of T (w).

Vertex i of T (w)
has precisely the

Element i of w following successors
double rise right

double fall left

valley left and right

peak none

From this discussion of the bijection w +— T (w), a large number of otherwise
mysterious properties of increasing binary trees can be trivially deduced. The
following proposition gives a sample of such results. Exercise 1.61 provides a
further application of 7' (w).

1.5.3 Proposition. (a) The number of increasing binary trees with n verticesisn!.

(b) The number of such trees for which exactly k vertices have left successors is
the Eulerian number A(n,k + 1).

(¢) The number of complete (i.e., every vertex is either an endpoint or has two
successors) increasing binary trees with 2n + 1 vertices is equal to the number
E>n11 of alternating permutations in Gop41.

Let us now consider a second way to represent a permutation by a tree. Given
w=wiwsy-- w, €6,, constructan (unordered) tree T’ (w) with vertices 0, 1,...,n
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Figure 1.9 The unordered increasing tree T'(57316284).

by defining vertex i to be the successor of the rightmost element j of w which
precedes i and which is less than i. If there is no such element j, then let i be the
successor of the root 0.

1.5.4 Example. Let w = 57316284. Then T’(w) is given by Figure 1.9.

The correspondence w — T'(w) is a bijection between &,, and increasing trees
on n + 1 vertices. It is easily seen that the successors of 0 are just the left-to-right
minima (or retreating elements) of w (i.e., elements w; such that w; < w; for all
j < i, where w = wjw;---w,). Moreover, the endpoints of T/(w) are just the
elements w; for which i € D(w) or i = n. Thus, in analogy to Proposition 1.5.3
(using Proposition 1.3.1 and the obvious symmetry between left-to-right maxima
and left-to-right minima), we obtain the following result.

1.5.5 Proposition. (a) The number of unordered increasing trees onn+1 vertices
isn!.

(b) The number of such trees for which the root has k successors is the signless
Stirling number c(n,k).]

(c) The number of such trees with k endpoints is the Eulerian number A(n,k).

1.6 Alternating Permutations, Euler Numbers, and the cd-Index of G,

In this section we consider enumerative properties of alternating permutations, as
defined in Section 1.4. Recall that a permutation w € &, is alternating if D(w) =
{1,3,5,...}N[n — 1], and reverse alternating if D(w) = {2,4,6,...}N[n —1].

1.6.1 Basic Properties

Recall that E,, denotes the number of alternating permutations (or reverse alter-
nating permutations) w € S,, (with Eg = 1) and is called an Euler number. The
exponential generating function for Euler numbers is very elegant and surprising.

1.6.1 Proposition. We have
xn
E En—' =secx +tanx
n!
n>0
2 3 4 5 %6 7 8

x—+2—+5m+16—+61—+272%+1385x— 4o

=l o223 51 6! 8!
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Note that secx is an even function (i.e., sec(—x) = secx), while tanx is odd
(tan(—x) = —tanx). It follows from Proposition 1.6.1 that

x2n
> Epy—— =secx, (1.53)
2n)!
n>0
x2n+l
ZEZ'H_IW =tanx. (154)

n>0

For this reason E», is sometimes called a secant number and E;,y| a tangent
number.

Proof of Proposition 1.6.1. Let 0 <k <n.Choose a k-subset S of [1] in (Z) ways,
and set S = [n] — S. Choose a reverse alternating permutation « of S in Ej ways,
and choose a reverse alternating permutation v of S in E,_; ways. Let w be the
concatenation u”,n + 1,v, where 1" denotes the reverse of u (i.e.,if u =uy---uy,
then u” =uy ---u1). When n > 2, we obtain in this way every alternating and every
reverse alternating permutation w exactly once. Since there is a bijection between
alternating and reverse alternating permutations of any finite (ordered) set, the
number of w obtained is 2E,,4 1. Hence,

n
2B =Y <Z> ExEp i, n> 1. (1.55)

k=0

Sety = ano E,x"/n!. Taking into account the initial conditions Eg = E| =1,
equation (1.55) becomes the differential equation

2y =y’ +1, y0) =1.
The unique solution is y = secx + tanx. O

NortE. The clever counting of both alternating and reverse alternating permutations
in the proof of Proposition 1.6.1 can be avoided at the cost of a little elegance.
Namely, by considering the position of 1 in an alternating permutation w, we obtain

the recurrence
n
E,1 = E <.>E]'En_j, n>1.

1<j<n M

Jj odd
This recurrence leads to a system of differential equations for the power series
o0 E2nx?/2n) and Y, o Exp1x® /20 4+ 1)1

Note that equations (1.53_) and (1.54) could in fact be used to define secx

and tan x in terms of alternating permutations. We can then try to develop as much
trigonometry as possible (e.g., the identity 1 +tan? x = sec? x) using this definition,
thereby defining the subject of combinatorial trigonometry. For the first steps in
this direction, see Exercise 5.7.
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It is natural to ask whether Proposition 1.6.1 has a more conceptual proof. The
proof preceding does not explain why we ended up with such a simple generating
function. To be even more clear about this point, rewrite equation (1.53) as

1
> E 2,,(2 = —. (1.56)

= X G

n>0

Compare this equation with the exponential generating function for the number of
permutations in &,, with descent set [n — 1]:

_z—. (1.57)
ngo” Y- 1)"

n>0

Could there be a reason why having descents in every second position corresponds
to taking every second term in the denominator of (1.57) and keeping the signs alter-
nating? Possibly the similarity between (1.56) and (1.57) is just a coincidence. All
doubts are dispelled, however, by the following generalization of equation (1.56).
Let fx(n) denote the number of permutations w € &, satisfying

D(w) = {k,2k,3k,...}N[n —1]. (1.58)
Then
xkn 1
ka(kn)(k 0= - (1.59)
n>0 _ 1\
;< D" G

Such a formula cries out for a more conceptual proof. One such proof is given
in Section 3.19. Exercise 2.22 gives a further proof for k = 2 (easily extended to
any k) based on Inclusion—-Exclusion. Another enlightening proof, less elegant but
more straightforward than the one in Section 3.19, is the following.

Proof of equation (1.59). We have

1 1
kn

n—1 x
Z(—)(k ¥ —Z( D"

n>0

xk
- Z Z( (kn)'

j=0 \n>1

kN
Rt <k ka ->(_ DY G
.iEONZja1+...+a].:N ay,...,Kdj

Comparing (carefully) with equations (1.34) and (1.35) completes the proof. [
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A similar proof can be given of equation (1.54) and its extension to permutations
in &y,+; with descent set {k,2k,3k,...} N[kn+i — 1] for 1 <i <k — 1. Details
are left as an exercise (Exercise 1.146).

1.6.2 Flip Equivalence of Increasing Binary Trees

Alternating permutations appear as the number of equivalence classes of certain
naturally defined equivalence relations. (For an example unrelated to this section,
see Exercise 3.127(b).) We will give an archetypal example in this subsection. In
the next subsection, we will give a similar result, which has an application to the
numbers B, (S) of permutations w € &, with descent set S.

Recall that in Section 1.5 we associated an increasing binary tree 7 (w) with a
permutation w € &,,. The flip of a binary tree at a vertex v is the binary tree obtained
by interchanging the left and right subtrees of v. Define two increasing binary trees
T and T’ on the vertex set [1] to be equivalent if T' can be obtained from T by a
sequence of flips. Clearly, this definition of equivalence is an equivalence relation,
and the number of increasing binary trees equivalent to 7 is 2" ~¢(T) where €(T) is
the number of endpoints of 7. The equivalence classes are in an obvious bijection
with increasing (1-2)-trees on the vertex set [n], that is, increasing (rooted) trees so
that every non-endpoint vertex has one or two children. (These are not plane trees,
i.e., the order in which we write the children of a vertex is irrelevant.) Figure 1.10
shows the five increasing (1,2)-trees on four vertices, so f(4) =5.Let f(n) denote
the number of equivalence classes (i.e., the number of increasing (1,2)-trees on
the vertex set [n]).

1.6.2 Proposition. We have f(n) = E,, (an Euler number).

Proof. Perhaps the most straightforward proof is by generating functions. Let

X3

x" x2
= —_— = — 2— cee
y E f(n)n! x+2+ 6+

n>1

Then y' =), f(n+ 1)x"/n!. Every increasing (1,2)-tree with n + 1 vertices
either (a) is a gingle vertex (n = 0), (b) has one subtree of the root, which is
an increasing (1,2)-tree with n vertices, or (c) has two subtrees of the root, each
of which is an increasing (1,2)-tree, with n vertices in all. The order of the two

2 2 3
2y 4 2 34 2
4 3 4 4

Figure 1.10 The five increasing (1,2)-trees with four vertices.
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subtrees is irrelevant. From this observation, we obtain the differential equation
yV=1+y+ %y2, ¥(0) = 0. The unique solution is y = secx + tanx — 1, and the
proof follows from Proposition 1.6.1. g

ALGEBRAIC NOTE. Let 7, be the set of all increasing binary tree with vertex set
[n]. For T € 7, and 1 <i <n,letw;T be the flip of T at vertex i. Then clearly the
w;’s generate a group isomorphic to (Z/27Z)" acting on 7, and the orbits of this
action are the flip equivalence classes.

1.6.3 Min-Max Trees and the cd-Index

We now consider a variant of the bijection w +— T (w) between permutations and
increasing binary trees defined in Section 1.5 that has an interesting application
to descent sets of permutations. We will just sketch the basic facts and omit most
details of proofs (all of which are fairly straightforward). We define the min-
max tree M (w) associated with a sequence w = aja; - - -a, of distinct integers as
follows. First, M (w) is a binary tree with vertices labeled ay,as, . . .,a,. Let j be the
least integer for which either aj =min{ay,...,a,} ora; = max{a,...,a,}. Define
aj to be the root of M (w). Then define (recursively) M(ay,...,a;_1) to be the left
subtree of a;, and M(aj1,...,a,) to be the right subtree. Figure 1.11(a) shows
M(5,10,4,6,7,2,12,1,8,11,9,3). Note that no vertex of a min-max tree M (w)
has only a left successor. Note also that every vertex v is either the minimum or
maximum element of the subtree with root v.

Given the min-max tree M (w) where w = a - - - a,, we will define operators v;,
1 <i <n, that permute the labels of M (w), creating a new min-max tree y; M (w).
The operator v; only permutes the label of the vertex of M (w) labeled a; and the
labels of the right subtree of this vertex. (Note that the vertex labeled a; depends
only on i and the tree M (w), not on the permutation w.) All other vertices are
fixed by ;. In particular, if a; is an endpoint, then ¥; M (w) = M (w). We denote
by M, the subtree of M (w) consisting of a; and the right subtree of a;. Thus, a; is
either the minimum or maximum element of M, . Suppose that g; is the minimum
element of M, . Then replace a; with the largest element of M, , and permute the
remaining elements of M, so that they keep their same relative order. This defines
¥i M (w). Similarly, suppose that ¢; is the maximum element of the subtree M,;
with root @;. Then replace a; with the smallest element of Mal. , and permute the

Figure 1.11 (a) The min-
max tree M = M (5,10,
4,6,7,2,12,1,8,11,9,3);
(b) The transformed tree
YviM = M(5,10,4,6,7,2,
1,3,9,12,11,8).




1.6 Alternating Permutations, Euler Numbers, and the cd-Index of G, 51

remaining elements of M,; so that they keep their same relative order. Again this
defines ¥; M (w). Figure 1.11(b) shows that ¢7M (5,10,4,6,7,2,12,1,8,11,9,3) =
M(5,10,4,6,7,2,1,3,9,12,11,8). We have a7 = 12, so 7 permutes vertex 12 and
the vertices on the right subtree of 12. Vertex 12 is replaced by 1, the smallest
vertex of the right subtree. The remaining elements 1,3,8,9, 11 get replaced with
3,8,9,11,12 in that order.

Fact #1. The operators v; are commuting involutions and hence generate an
(abelian) group &, isomorphic to (Z)27)" "), where 1(w) is the number of internal
vertices of M (w). Those ; for which a; is not an endpoint are a minimal set G,
of generators for ®,,. Hence, there are precisely 2 different trees y M (w) for
Y € &y, given by Vi, ~--1ﬂijM(w), where {1//,-1,...,¢ij} ranges over all subsets
of Gy.

Given a permutation w € &, and an operator ¥ € &,,, we define the per-
mutation Yw by ¥ M (w) = M (Y w). Define two permutations v,w € S, to be
M -equivalent, denoted v i w, if v = Y w for some ¥ € &,,. Clearly X is an equiv-
alence relation, and by Fact #1 the size of the equivalence class [w] containing w
is 200,

There is a simple connection between the descent sets of w and ¥; w.

Fact #2. Let a; be an internal vertex of M (w) with only a right child. Then

Dw)U{i}, ifi & D(w),

D(Wiw)={ D(w) —{i}, if i e D(w).

Let a; be an internal vertex of M (w) with both a left and right child. Then exactly
one of i — 1,i belongs to D(w), and we have

(Dw)Ulih) —{i -1}, if i & D(w),

D(Yiw) =
(Vi) {(D(w)u{i—l})—{i}, if i € D(w).

Note that if @; is a vertex with two children, then a;_; will always be an endpoint
on the left subtree of a;. It follows that the changes in the descent sets described
by Fact #2 take place independently of each other. (In fact, this independence is
equivalent to the commutativity of the ;’s.) The different descent sets D(w),
where w ranges over an M-equivalence class, can be conveniently encoded by a
noncommutative polynomial in the letters @ and b. Given a set S C [n — 1], define
its characteristic monomial (or variation) to be the noncommutative monomial

us=ejex---eyp_1, (1.60)
where

e ifigs

“=1 b ifies.

For instance, u p(37485216) = ababbba.
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Nowletw =aja;---a, € S,,andlet c,d, e be noncommutative indeterminates.
For 1 <i <n, define

a

, if a; has only a right child in M (w),
fi=fitw)=1 d, ifa; has aleft and right child,

e, if a; is an endpoint.

Let @), = @/ (c,d,e) = fifa:-" fn, and let @y, = &y, (c,d) = P'(c,d, 1), where
1 denotes the empty word. In other words, ®,, is obtained from &/, by deleting
the e’s. For instance, consider the permutation w = 5,10,4,6,7,2,12,1,8,11,9,3
of Figure 1.11. The degrees (number of children) of the vertices ay,as,...,a, are
0,2,1,0,2,0,2, 1,0, 2, 1, 0, respectively. Hence,

@' =edcededcedce,
®, = deddcdc. (1.61)

. . M .
It is clear that if v ~ w, then ®/ = &/ and &, = ¥, since ¥, depends only on
M (w) regarded as an unlabeled tree.

From Fact #2, we obtain the following result.

Fact #3. Let w € &,,, and let [w] be the M -equivalence class containing w. Then

&, (a+b,ab+ba) = Z Upe). O (1.62)

ve[w]

For instance, from equation (1.61), we have

Z Up) = (ab+ba)(a+b)(ab+ ba)(ab+ ba)(a + b)(ab + ba)(a +b).

velw]

As a further example, Figure 1.12 shows the eight trees M (v) in the M -equivalence
class [315426], together with corresponding characteristic monomial u p,). We
see that

Z Up(w) = babba +abbba + baaba + babab + ababa + abbab
ve[315426]

+baaab + abaab = (ab + ba)(a + b)(ab + ba),
whence &, =dcd.

Fact #4. Each equivalence class [w] contains exactly one alternating permu-
tation (as well as one reverse alternating permutation). Hence, the number of
M -equivalence classes of permutations w € &, is the Euler number E,.

It is not difficult to prove Fact #4 directly from the definition of the tree M (w)
and the group &,,, but it is also immediate from Fact #3. For in the expansion of
®,(a+b,ab+ ba), there will be exactly one alternating term bababa - - - and one
term ababab - - -.
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T T

w= 315426 y,w = 364215 yyw = 314526 YW = 315462
babba abbba baaba babab

6 6 1
3 1 3 5 3 6
2 5 4 1 4 2
4 2 5

YoWow=362415 oy w=364251 oy w=_314562 v,y y W= 362451
ababa abbab baaab abaab

Figure 1.12 The M-equivalence class [315426].

Now consider the generating function

W, =W, (a,b) = Y tpw)

weSy

> BS)us. (1.63)

S<[n—1]

Thus, ¥, is a noncommutative generating function for the numbers B(S). For
instance, W3 = aa +2ab + 2ba + bb. The polynomial W, is called the ab-index of
the symmetric group &,,. (In the more general context of Section 3.17, ¥, is called
the ab-index of the boolean algebra B,,.) We can group the terms of W, according
to the M-equivalence classes [w], that is,

W, =" up), (1.64)

[w] velw]

where the outer sum ranges over all distinct M -equivalence classes [w] of permu-
tations in &,,. Now by equation (1.62) the inner sum is just ®,,(a 4+ b,ab + ba).
Hence, we have established the following result.

1.6.3 Theorem. The ab-index WV, can be written as a polynomial ®, in the
variables c = a+b and d = ab + ba. This polynomial is a sum of E, monomials.

The polynomial ®,, is called the cd-index of the symmetric group &, (or
boolean algebra B,). It is a surprisingly compact way of codifying the numbers
B (S). The number of distinct terms in ®,, is the Fibonacci number F}, (the number
of cd-monomials of degree n, where deg c = 1 and degd = 2; see Exercise 1.35(c)),
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compared with the 271 terms of the ab-index W,,. For instance,

b =1,
Py =c,
b3 =c*+d,

&4 = +2cd +2dc,
&5 = c* +3c%d +5cdc +3dc? +4d?,
O = +4c3d +9c%de +9cdc? + 4dc + 12¢d? + 10ded + 12d%c.

One nice application of the cd-index concerns inequalities among the number
B (S). Given S C [n — 1], define w(S) C [n — 2] by the condition i € w(S) if and
only if exactly one of i and i + 1 belongs to S, for 1 <i <n — 2. For instance, if
n=9and S ={2,4,5,8}, then (S) ={1,2,3,5,7}. Note that

w(S)=[n-2] & S={1,3,5,...}Nn—1]or S ={2,4,6,...}N[n—1].
(1.65)

1.6.4 Proposition. Let S,T C [n—1]. If o(S) C w(T), then B,(S) < B, (T).
Proof. Letw € &, and @), = f f2-- fu, s0 each f; =c,d, or e. Define
Sw={i—1: fi=d}.

It is easy to see that

o(X)25w
Since @, has nonnegative coefficients, it follows thatif w (S) C w(T), then §,(S) <
B, (T).Now assume that S and T are any subsets of [n — 1] for which w (S) C o (T)
(strict containment). We can easily find a cd-word &, for which w(T) 2 S, but
w(S) 2 S,. For instance, if i € w(T) — w(S), then let &, = ¢/~ 'dc* 277, so
Sw = {i}. It follows that 8, (S) < B,(T). O

1.6.5 Corollary. Let S C [n — 1]. Then B,(S) < E,, with equality if and only if
S={1,3,5,...}N[n—=1]or S={2,4,6,...}N[n—1].

Proof. Immediate from Proposition 1.6.4 and equation (1.65). 0

1.7 Permutations of Multisets

Much of what we have done concerning permutations of sets can be generalized
to multisets. For instance, there are two beautiful theories of cycle decomposition
for permutations of multisets (see Exercise 1.62 for one of them, and its solution
for a reference to the other). In this section, however, we will only discuss some
topics that will be of use later.
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First, it is clear that we can define the descent set D (w) of a permutation w of
a (finite) multiset M on a totally ordered set (such as IP) exactly as we did for sets.
Namely, if w = wjw; - - - w,, then

D(w)={i : w; > w41}

Thus we also have the concept of «(S) = apr(S) and B(S) = B (S) for a multiset
M, as well as the number des(w) of descents, the major index maj(w) and the
multiset Eulerian polynomial

AM(X)Z Z x1+des(w)’
weS yy

and so on. In Section 4.4.5 we will consider a vast generalization of these concepts.
Note for now that there is no obvious analogue of Proposition 1.4.1—that is, an
explicit formula for the number a7 (S) of permutations w € G, with descent set
contained in S.

We can also define an inversion of w = wiws---w, € &) as a 4-tuple
(i, j,w;,w;) for which i < j and w; > w;, and as before we define inv(w) to
be the number of inversions of w. Note that unlike the case for permutations
we shouldn’t define an inversion to be just the pair (w;,w;) since we can have
(wi,w;) = (wg,wy) but (7, j) # (k,1). We wish to generalize Corollary 1.3.13 to
multisets. To do so we need a fundamental definition. If (ay,...,a,,) is a sequence
of nonnegative integers summing to n, then define the g-multinomial coefficient

n . (n)!
(al, . ..,am> T (a))! - (@)

It is immediate from the definition that (”1 " am) is a rational function of ¢ which,
when evaluated at ¢ = 1, becomes the ordinary multinomial coefficient (

In fact, itis not difficult to see that a " am
n

are nonnegative integers. One way to do this is as follows. Write (k) as short for
(1 ,) (exactly in analogy with the notation (}}) for binomial coefficients). The
expression (Z) is a called a g-binomial coefficient (or Gaussian polynomial). It is

straightforward to verify that

Alyee o9y ajl aj as am
(l’l) (l’l - 1) n—k (” - 1) (1.67)
k k k—1) '

From these equations and the “initial conditions” (g) =1, it follows by induction
that (”1 " am) is a polynomial in g with nonnegative integer coefficients.

) is a polynomial in ¢ whose coefficients

and
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1.7.1 Proposition. Ler M = {1¢1,...,m%"} be a multiset of cardinality n = ay +
-o-~4ay,. Then
Z qinv(w) — ( n ) (1.68)
wesy Alye oo slp

First Proof. Denote the left-hand side of (1.68) by P(ay,...,a,) and write

Q(n,k) = P(k,n —k). Clearly Q(n,0) = 1. Hence in view of (1.66) and (1.67) it
suffices to show that

P(ai,...,an) = Q(n,a1) P(az,as,...,an), (1.69)

0n,k)=0mn—1,)+¢"*0mn—1,k—1). (1.70)

If w € &y, then let w’ be the permutation of M’ = {292,...,m“%"} obtained by

removing the 1°s from w, and let w” be the permutation of M” = {191,2"91}

obtained from w by changing every element greater than 2 to 2. Clearly w is
uniquely determined by w’ and w”, and inv(w) = inv(w’) +inv(w”). Hence,

v iy
P(ay,...am)= Y Y g™eHmveD
w/EGM/ w”eGM//
= Qn,a1)P(az,as,...,an),

which is (1.69).

Now let M = {lk,Z”_k}. Let Gy, 1 <i <2, consist of those w € &), whose
last element is i, and let My = {1¥=1,27K} M, = {1%,2"%=1} If w € G)y1 and
w=ul,thenu € 6M1 and inv(w) =n —k+inv(u). If w € Sy and w =02,
then v € 6M2 and inv(w) = inv(v). Hence,

Q(l’l,k)Z Z qinv(u)+n—k_|_ Z qinv(v)

ued veS
=¢" Q0 —1Lk— D+ Qn—1h),
which is (1.70). O
Second Proof. Define a map
®:6m x Gy X+ X Gy —> Gy
(Wo, Wi,..o s W) > W

by converting the a; i’s in wo to the numbers a; + --- + aj—1 + 1,a1 +
~e-4aj—1 +2,a1 + -+ +aj—1 + a; in the order specified by w;. For instance
(21331223,21,231,312) +— 42861537. We have converted 11 to 21 (preserving
the relative order of the terms of w; = 21), 222 to 453 (preserving the order 231),
and 333 to 867 (preserving 312). It is easily verified that ¢ is a bijection, and that

inv(w) = inv(wo) +inv(wy) + - - - +inv(wy,). (1.71)
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By Corollary 1.3.13, we conclude

Z g™ | (@)!-- (am)! = ()},

wed
and the proof follows. U

NoTE. If wy,...,w,, are all identity permutations, then we obtain amap ¢ : Gy —
&, known as standardization. For instance, ¥ (14214331) = 17428563. Standard-
ization is a very useful technique for reducing problems about multisets to sets.
For a significant example, see Lemma 7.11.6.

The first proof of Proposition 1.7.1 can be classified as “‘semicombinatorial.”
We did not give a direct proof of (1.68) itself, but rather of the two recurrences
(1.69) and (1.70). At this stage it would be difficult to give a direct combinatorial
proof of (1.68) since there is no “obvious” combinatorial interpretation of the
coefficients of (al,..rt,am) nor of the value of this polynomial at ¢ € N. Thus, we

will now discuss the problem of giving a combinatorial interpretation of (Z) for
certain ¢ € N, which will lead to a combinatorial proof of (1.68) when m = 2.
Combined with our proof of (1.69), this yields a combinatorial proof of (1.68) in
general. The reader unfamiliar with finite fields may skip the rest of this section,
except for the brief discussion of partitions.

Let g be a prime power, and denote by [F,; a finite field with ¢ elements (all
such fields are of course isomorphic) and by IFZ the n-dimensional vector space of
all n-tuples (a1,...,a,), where a; € IFy.

1.7.2 Proposition. The number of k-dimensional subspaces of Fy is (Z)

Proof. Denote the number in question by G(n,k), and let N = N (n,k) equal the
number of ordered k-tuples (vy,...,vx) of linearly independent vectors in IFZ. We
may choose v in ¢" — 1 ways, then v, in ¢" — g ways, and so on, yielding

N=(q"-D(G"—q) - (q"—q". (1.72)

On the other hand, we may choose (vy,...,vx) by first choosing a k-dimensional
subspace W of IFy in G(n,k) ways, and then choosing v; € W in g* — 1 ways,
v2 € W in ¢*¥ — ¢ ways, and so on. Hence,

N =Gk (G — D¢ —q) - ¢ —¢* ). (1.73)

Comparing (1.72) and (1.73) yields
@"—-D@"—q)--@"—¢"")
(¢ =D(g* = q)---(gF —¢* D

_ (n)! _(n 0
CB)m—-k) (k)

G(n,k) =
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Note that the above proof is completely analogous to the proof we gave in
Section 1.2 that (Z) = #Lk), We may consider our proof of Proposition 1.7.2 to

1

be the “g-analogue” of the proof that (}) = 1"

Now define a partition of n € N to be a sequence A = (A1,X2,...) of integers
A; satisfying Y "A; =n and Ay > A > --- > 0. We also write A = (A1,...,Ax) if
Mi41 = Ag42 = -+~ = 0. Thus, for example,

(3,3,2,1,0,0,0,...) = (3,3,2,1,0,0) = (3,3,2, 1),

as partitions of 9. We may also informally regard a partition A = (Aq,...,Ax) of n
(say with A > 0) as a way of writing n as a sum A| + - - - + A; of positive integers,
disregarding the order of the summands (since there is a unique way of writing
the summands in weakly decreasing order, where we don’t distinguish between
equal summands). Compare with the definition of a composition of 7, in which
the order of the parts is essential. If A is a partition of n, then we write either A - n
or |A| =n. The nonzero terms A; are called the parts of A, and we say that A has k
parts where k = #{i : A; > 0}. The number of parts of X is also called the length
of A and denoted £(1). If the partition A has m; parts equal to i, then we write
A= (1"1,2"2,...), where terms with m; = 0 and the superscript m; = 1 may be
omitted. For instance,

(4,4,2,2,2,1) = (11,23,3° 4%y = (1,23,4%) - 15. (1.74)

We also write p(n) for the total number of partitions of n, py(n) for the number
of partitions of n with exactly k parts, and p(j,k,n) for the number of partitions
of n into at most k parts, with largest part at most j. For instance, there are seven
partitions of 5, given by (omitting parentheses and commas from the notation) 5,41,
32,311,221,2111, 11111,s0 p(5) =7, p1(5) =1, p2(5) =2, p3(5) =2, pa(5) =1,
p5(5) =1, p(3,3,5) =3, and so on. By convention we agree that po(0) = p(0) = 1.
Note that p,(n) =1, p,—1(n) =1ifn > 1, p1(n) =1, pa(n) = |n/2]. It is easy
to verify the recurrence

pr(n) = pr1(n — 1)+ pr(n —k),

which provides a convenient method for making a table of the numbers py (n) for
n,k small.

Let (A1,A2,...) = n. The Ferrers diagram or Ferrers graph of X is obtained by
drawing a left-justified array of n dots with A; dots in the ith row. For instance, the
Ferrers diagram of the partition 6655321 is given by Figure 1.13(a). If we replace
the dots by juxtaposed squares, then we call the resulting diagram the Young dia-
gram of . For instance, the Young diagram of 6655321 is given by Figure 1.13(b).
We will have more to say about partitions in various places throughout this book
and especially in the next two sections. However, we will not attempt a systematic
investigation of this enormous and fascinating subject.
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Figure 1.13 The Ferrers dia-
gram and Young diagram of the
partition 6655321.

(a) (b)

The next result shows the relevance of partitions to the g-binomial coefficients.

1.7.3 Proposition. Fix j,k € N. Then

S pliskmg" = (’ Jf").

n>0 J

Proof. While it is not difficult to give a proof by induction using (1.67), we prefer
a direct combinatorial proof based on Proposition 1.7.2. To this end, let m = j +k
and recall from linear algebra that any k-dimensional subspace of 7' (or of the
m-dimensional vector space F™ over any field F) has a unique ordered basis
(v1,...,vr) for which the matrix

M=| : (1.75)

is in row-reduced echelon form. This means: (a) the first nonzero entry of each v;
is a 1; (b) the first nonzero entry of v; 4| appears in a column to the right of the
first nonzero entry of v;; and (c) in the column containing the first nonzero entry
of v;, all other entries are 0.

Now suppose that we are given an integer sequence | <aj <ay <--- <ax <m,
and consider all row-reduced echelon matrices (1.75) over I, for which the first
nonzero entry of v; occurs in the a;th column. For instance, if m =7, k =4, and
(ai,...,as) = (1,3,4,6), then M has the form

I * 0 0 % 0 =%
00 1 0 % 0 =
00 0 1 % 0 =
00 0 0 0 1 =

where the symbol * denotes an arbitrary entry of F,. The number A; of *’s in
row i is j —a; + i, and the sequence (A1,A2,...,Ar) defines a partition of some
integern = Y _ A; into at most k parts, with largest part at most j. The total number
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Figure 1.14 Partitionsina?2 x 3
rectangle.
0 1 2 2 3
3 4 4 5 6
of matrices (1.75) with ay,...,a; specified as earlier is ¢/*|. Conversely, given

any partition A into at most k parts with largest part at most j, we can define
a; = j — X +1i, and there exists exactly qp‘| row-reduced matrices (1.75) with
ai,...,ai having their meaning as earlier.

Since the number of row-reduced echelon matrices (1.75) is equal to the number
(j ",;k) of k-dimensional subspaces of F”', we get

(J:k>: Z q|)~|:Zp(j,k,n)q”_

A n>0
<k parts
largest part <j

O

For readers familiar with this area, let us remark that the proof of Proposition 1.7.3
essentially constructs the well-known cellular decomposition of the Grassmann
variety G-

The partitions A enumerated by p(j,k,n) may be described as those partitions
of n whose Young diagram fits in a k x j rectangle. For instance, if k =2 and
j =3, then Figure 1.14 shows the (3) = 10 partitions that fit in a 2 x 3 rectangle.
The value of |A| is written beneath the diagram. It follows that

5
(2) =1+q+2¢>+2¢° +2¢* +¢° +¢°.

It remains to relate Propositions 1.7.1 and 1.7.3 by showing that p(j,k,n) is the
number of permutations w of the multiset M = {1/,2%} with n inversions. Given
a partition A of n with at most k parts and largest part at most j, we will describe
a permutation w = w(X) € G, with n inversions, leaving to the reader the easy
proof that this correspondence is a bijection. Regard the Young diagram Y of
A as being contained in a k x j rectangle, and consider the lattice path L from
the upper-right-hand corner to the lower-left-hand corner of the rectangle that
travels along the boundary of Y. Walk along L, and write down a 1 whenever
one takes a horizontal step and a 2 whenever one takes a vertical step. This pro-
cess yields the desired permutation w. For instance, if k =3, j =5, A =431,
then Figure 1.15 shows that path L and its labeling by 1’s and 2’s. We can also
describe w by the condition that the 2’s appear in positions j — A; 4 i, where
A=A, AL).
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1

A

\E w=1212112

-

1

Figure 1.15 The lattice path associated with the partition 431.

1.8 Partition Identities

In the previous section, we defined a partition A of n € N and described its Ferrers
diagram and Young diagram. In this section, we develop further the theory of
partitions, in particular, the fascinating interaction between generating function
identities and bijective proofs.

Let us begin by describing a fundamental involution on the set of partitions of
n. Namely, if A - n, then define the conjugate partition A’ to be the partition whose
Ferrers (or Young) diagram is obtained from that of A by interchanging rows and
columns. Equivalently, the diagram (Ferrers or Young) of A’ is the reflection of that
of A about the main diagonal. If A = (A1,A2,...), then the number of parts of A’
that equal i is A; — A;41. This description of A’ provides a convenient method of
computing A’ from A without drawing a diagram. For instance, if A = (4,3,1,1,1),
then A’ = (5,2,2,1).

Recall that py (rn) denotes the number of partitions of n into k parts. Similarly, let
Pp<k(n) denote the number of partitions of n into at most k parts, that is, p<x(n) =
po(n) + p1(n) + --- + pr(n). Now A has at most k parts if and only if A" has
largest part at most k. This observation enables us to compute the generating
function ), p<k(n)g". A partition of n with largest part at most k may be
regarded as a solution in nonnegative integers to mj + 2my + --- + kmy = n.
Here m; is the number of times that the part i appears in the partition A, that is,
A= (1"12"2...k™k). Hence,

Y opamg =d Y ¢

n>0 n>0mq+---+kmy=n

— Z Z Z qm1+2m2+-~+kmk

m1=0my>0  myp>0

Z g™ Z g7 |- Z q*mk

mlzo mzz() meO
. 1
(I—g)(1—¢%--A—g5’

(1.76)
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This computation is just a precise way of writing the intuitive fact that the most
natural way of computing the coefficient of ¢” in 1/(1 —g)(1 —g?)---(1 —g"*)
entails computing all the partitions of n with largest part at most k. If we let k — oo,
then we obtain the famous generating function

1
> pmg" =[T— (1.77)
n>0 i>1 q

Equations (1.76) and (1.77) can be considerably generalized. The following result,
although by no means the most general possible, will suffice for our purposes.

1.8.1 Proposition. Foreachi €P, fixasetS; CN. LetS =(S1,52,...), and define
P(S) to be the set of all partitions ) such that if the part i occurs m; = m;(\) times,
then m; € S;. Define the generating function in the variables q = (q1,q2,-..),

*) my()
FS.9= Y q"g?"
AEP(S)
Then
FS.p=[]|> 4 |- (1.78)
i>1 jESi

Proof. The reader should be able to see the validity of this result by “inspection.”
The coefficient of ¢| g5 2 --- in the right-hand side of (1.78) is 1 if each m; € S,
and 0 otherwise, which yields the desired result. 0

1.8.2 Corollary. Preserve the notation of the previous proposition, and let p(S,n)
denote the number of partitions of n belonging to P(S), that is,

p(S,n)y=#Akn:re PS5}

Then
Y opSmg" =[] 4"
n>0 i>1 \jes;
Proof. Put each g; = ¢ in Proposition 1.8.1. U

Let us now give a sample of some of the techniques and results from the theory
of partitions. First, we give an idea of the usefulness of Young diagrams and Ferrers
diagrams.

1.8.3 Proposition. For any partition > = (,L1,A2,...) we have

PERVED Y (Z’) (1.79)

i>1 i>1
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Proof. Place an i — 1 in each square of row i of the Young diagram of A. For
instance, if 1 = 5322 we get

00
1|1
212
313

If we add up all the numbers in the diagram by rows, then we obtain the left-hand
side of (1.79). If we add up by columns, then we obtain the right-hand side. [

1.8.4 Proposition. Let c(n) denote the number of self-conjugate partitions X of n,
thatis, A = ). Then

Y emg"=0+g)(1+g)1+g)--. (1.80)

n>0

Proof. Let X be a self-conjugate partition. Consider the “diagonal hooks” of the
Ferrers diagram of A - n, as illustrated in Figure 1.16 for the partition A = 54431.
The number of dots in each hook form a partition p of n into distinct odd parts.
For Figure 1.16 we have ; = 953. The map XA — p is easily seen to be a bijection
from self-conjugate partitions of n to partitions of n into distinct odd parts. The
proof now follows from the special case S; = {0,1} if i is odd, and S; = {0} if
i is even, of Corollary 1.8.2 (though it should be obvious by inspection that the
right-hand side of (1.80) is the generating function for the number of partitions of
n into distinct odd parts). (]

There are many results in the theory of partitions that assert the equicardinality
of two classes of partitions. The quintessential example is given by the following
result.

1.8.5 Proposition. Let g (n) denote the number of partitions of n into distinct parts
and podd (n) the number of partitions of n into odd parts. Then q(n) = poaa(n) for
alln > 0.

F

Figure 1.16 The diagonal hooks of the self-conjugate partition 54431.
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First Proof (generating functions). Setting each S; = {0, 1} in Corollary 1.8.2 (or
by direct inspection), we have

Y g =0+ +¢H 1+
n>0
_l—q2 1—q¢* 1—¢°
S l—g 1—¢g% 1-¢3
[T —¢™)

nnzl (1—g™")
1
T —gHU =g (s
Again by Corollary 1.8.2 or by inspection, we have
1
I—U—gH(1—g- ;”"“d(”)qn’
and the proof follows. g

Second Proof (bijective). Naturally a combinatorial proof of such a simple and
elegant result is desired. Perhaps the simplest is the following. Let A be a partition
of n into odd parts, with the part 2 j — 1 occurring r; times. Define a partition p of
n into distinct parts by requiring that the part (2j — 1)2%, k > 0, appears in y if and
only the binary expansion of r; contains the term 2. We leave the reader to check
the validity of this bijection, which rests on the fact that every positive integer can
be expressed uniquely as a product of an odd positive integer and a power of 2.
For instance, if A = (95,512,32, 13) F 114, then

114=9(1+4)+5@+8)+32)+1(1+2)
=9+36+20+40+6+1+2,

so u = (40,36,20,9,6,2,1). ]

Third Proof (bijective). There is a completely different bijective proof which is
a good example of “diagram cutting.” Identify a partition X into odd parts with
its Ferrers diagram. Take each row of A, convert it into a self-conjugate hook,
and arrange these hooks diagonally in decreasing order. Now connect the upper-
left-hand corner u# with all dots in the “shifted hook™ of u, consisting of all dots
directly to the right of u and directly to the southeast of u. For the dot v directly
below u (when |A| > 1), connect it to all the dots in the conjugate shifted hook
of u. Now take the northwest-most remaining dot above the main diagonal and
connect it to its shifted hook, and similarly connect the northwest-most dot below
the main diagonal with its conjugate shifted hook. Continue until all the entire
diagram has been partitioned into shifted hooks and conjugate shifted hooks. The
number of dots in these hooks form the parts of a partition i of n into distinct parts.
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Figure 1.17 A second bij-
ective proof that g(n) =

5
°
9 5 1
°
1

5

‘ ‘ Figure 1.18 The Durfee square of the partition 75332.

Figure 1.17 shows the case A =9955511 and p = (11,8,7,6,3). We trust that this
figure will make the preceding rather vague description of the map A — u clear.
It is easy to check that this map is indeed a bijection from partitions of » into odd
parts to partitions of n into distinct parts. O

There are many combinatorial identities asserting that a product is equal to a
sum that can be interpreted in terms of partitions. We give three of the simplest
in proposition 1.8.6, relegating some more interesting and subtle identities to the
exercises. The second identity is related to the concept of the rank rank(X) of a
partition A = (A1, A2,...), defined to be the largest i for which A; > i. Equivalently,
rank (A) is the length of the main diagonal in the (Ferrers or Young) diagram of A.
It is also the side length of the largest square in the diagram of A. We can place
this square to include the first dot or box in the first row of the diagram, in which
case it is called the Durfee square of A. Figure 1.18 shows the Young diagram of
the partition A = 75332 of rank 3, with the Durfee square shaded.

1.8.6 Proposition. (a) We have

1 —Z xqu )
H(l—xqi)_k>0 (1—=q¢)(1—¢g2)---(1—¢g*)" :
i>1 a
(b) We have
1 xqu2

[Ja-xg) zg(1—q)~~-(1—q")(l—xq)--~(1—xq")'

i>1
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(c) We have
| Y
1 N = . 1.83
o+ =2 - (59

i>1 k>0

Proof. (a) It should be clear by inspection that

1
=Y x'®gh, (1.84)

[Ta-x¢H 5

i>1

where X ranges over all partitions of all n > 0. We can obtain X by first choosing
£(}) = k. It follows from equation (1.76) that

k

(1-q)1—g?--(1-4g"
L=k
and the proof follows.

We should also indicate how (1.82) can be proved nonbijectively, since the
technique is useful in other situations. Let

1
Fx,q) = ——.
[ ]t —xgh
i>1
Clearly, F(x,q) = F(xq,q)/(1 —xq), and F (x,q) is uniquely determined by this
functional equation and the initial condition F(0,q) = 1. Now let

xhgh
G(x,CI)ZkZZO(1_q)(1—q2)~--(1—qk)'
Then
kg2
G(xq,CI):g(l_q)(l—qz)'”(l_qk)
-y s ( 1 _1>
_kzo(l—q)(l—qz)"'(l—qkfl) =4

=G(x,q) —xqG(x,q)
=(1—-xq)G(x,q).
Since G (x,0) = 1, the proof follows.

(b) Again we use (1.84), but now the terms on the right-hand side will correspond
torank (A) rather than £(A). If rank (1) = k, then when we remove the Durfee square
from the diagram of A, we obtain disjoint diagrams of partitions u and v such that
£() <k and v; = £(v') < k. (For the partition A = 75332 of Figure 1.18 we have
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w =42 and v = 32.) Every A of rank k is obtained uniquely from such px and v.
Moreover, |A| = k> + ||+ |[v| and £(1) = k + £(v). It follows that

> (I—=g)---(I—=¢g*) (A—-xq)---(1—xq")
rank(1)=k

Summing over all k > 0 completes the proof.

(c) Now the coefficient of x*¢” in the left-hand side is the number of partitions
of n into k distinct parts Ay > --- > At > 0. Then (A —k, Ao —k+1,...,A4r — 1)
is a partition of n — (kgl) into at most k parts, from which the proof follows

easily. (|

The generating function (obtained, e.g., from (1.82) by substituting x /¢ for x,
or by a simple modification of either of our two proofs of Proposition 1.8.6(a))

1 —Z .Xk
[Ta-x¢) S 0-00-g)-(1-g"

k>0
i>0
is known as the g-exponential function, since (1 —g)(1 —¢%)---(1 —g™") = (1 —
q)"(n)!. We could even replace x with (1 — g)x, getting

: , =Zi. (1.85)
[[a-x0-g9q) iz ®!

i=0

The right-hand side reduces to ¢* upon setting ¢ = 1, though we cannot also
substitute ¢ = 1 on the left-hand side to obtain ¢*. It is an instructive exercise
(Exercise 1.101) to work out why this is the case. In other words, why does substi-
tuting (1 — g)x for x and then setting ¢ = 1 in two expressions for the same power
series not maintain the equality of the two series?
A generating function of the form
n

X
F = n
W=2 a A—q)(1—q%) - (1—q")

n>0

is called an Eulerian or g-exponential generating function. It is the natural g-
analogue of an exponential generating function. We could just as well use

Fa(l—g)=) a~ (1.86)

X
1
v (n)!

in place of F(x). The use of F(x) is traditional, though F(x(1 —¢q)) is more
natural combinatorially and has the virtue that setting ¢ = 1 in the right-hand
side of (1.86) gives an exponential generating function. We will see especially
in the general theory of generating functions developed in Section 3.18 why the
right-hand side of (1.86) is combinatorially “natural.”
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Propositions 1.8.6(a) and (c) have interesting “finite versions,” where in addi-
tion to the number of parts we also restrict the largest part. Recall that p(j,k,n)
denotes the number of partitions A F n for which A; < j and ¢(}) < k. The proof
of Proposition 1.8.6(a) then generalizes mutatis mutandis to give the following

j; = Y pGkmg"

[Ta-x¢H =0 "
i =0

X 07)

k=0

formula:

By exactly the same reasoning, using the proof of Proposition 1.8.6(c), we obtain

j—1 J .
[0 +xa) =3 x5q® (;{) (1.87)
i=0 k=0

Equation (1.87) is known as the g-binomial theorem, since setting g = 1 gives the
usual binomial theorem. It is a good illustration of the difficulty of writing down a
g-analogue of an identity by inspection; it is difficult to predict without any prior

insight why the factor q(é) appears in the terms on the right.

Of course, there are many other ways to prove the g-binomial theorem, including
a straightforward induction on j. We can also give a finite field proof, where we
regard g as a prime power. For each factor 1+ xg' of the left-hand side of (1.87),
choose either the term 1 or xg'. If the latter, then choose a row vector y; of length
j whose first nonzero coordinate is a 1, which occurs in the (j — i)th position.
Thus, ther_e are qi choices for y;. After making this choice for all i, let V be the
span in ]Fé of the chosen y;’s. If we chose k of the y;’s, then dim V = k. Let M be
the k x j matrix whose rows are the y;’s in decreasing order of the index i. There
is a unique k x k upper unitriangular matrix T (i.e., 7' is upper triangular with 1’s
on the main diagonal) for which TM is in row-reduced echelon form. Reversing
these steps, for each k-dimensional subspace V of Fé, let A be the unique k x j

k
matrix in row-reduced echelon form whose row space is V. There are q(Z) k xk
upper unitriangular matrices T, and for each of them the rows of M = T~'A
define a choice of y;’s. It follows that we obtain every k-dimensional subspace of

Fé as a span of y;’s exactly q(lé) times, and the proof follows.

Variant. There is a slight variant of the previous finite field proof of (1.87), which
has less algebraic significance but is more transparent combinatorially. Namely,
once we have chosen the k x j matrix M, change every entry above the first 1 in
any row to 0. We then obtain a matrix in row-reduced echelon form. There are (];)
entries of M that are changed to 0, so we get every row-reduced echelon matrix

k
with k rows exactly q(2) times. The proof follows as before.

For yet another proof of equation (1.87) based on finite fields, see
Exercise 3.119.
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Figure 1.19 The pentagonal numbers 1, 5,
12, 22.

e,

We next turn to a remarkable product expansion related to partitions. It is the
archetype for a vast menagerie of similar results. We will give only a bijective
proof; it is also an interesting challenge to find an algebraic proof. The result is
called the pentagonal number formula or pentagonal number theorem because
of the appearance of the numbers k(3k — 1)/2, which are known as pentagonal
numbers. See Figure 1.19 for an explanation of this terminology.

1.8.7 Proposition. We have

[T -5 =" (=1yranGn=nr2 (1.88)
k>1 nez
— 14 Z(_l)n (xn(3n—l)/2 +xn(3n+l)/2) (1.89)
n>1

STV g By SRS ¢ € .. . S

Proof. Let f(n) =q.(n) —q,(n), where g.(n) (respectively, g,(n)) is the number
of partitions of n into an even (respectively, odd) number of distinct parts. It should

be clear that
[Ta-xH=)fou"

k>1 n>0

Hence we need to show that

(=1, if n=k(Gk£1)/2,

0, otherwise. (1.90)

fn)= {
Let Q(n) denote the set of all partitions of n into distinct parts. We will prove
(1.90) when n # k(3k £ 1)/2 by defining an involution ¢ : Q(n) — Q(n) such
that £(1) # €(¢(1)) (mod?2) for all A € Q(n). When n = k(3k £ 1)/2, we will
define a partition u € Q(n) and an involution ¢ : Q(n) — {u} — Q(n) — {u} such
that £(A) £ £(¢ (X)) (mod?2) for all A € Q(n) — {u}, and moreover £(u) = k. Such
a method of proof is called a sign-reversing involution argument. The involution
¢ changes the sign of (—1)*™® and hence cancels out all terms in the expansion

> =D

reQ(n)

except those terms indexed by partitions A not in the domain of ¢. These partitions
form a much smaller set that can be analyzed separately.

The definition of ¢ is quite simple. Let L, denote the last row of the Ferrers
diagram of X, and let D, denote the set of last elements of all rows i for which
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® o o o o o Figure 1.20 The sets L, and D, for . =76532.
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Figure 1.21 The involution ¢ from the proof of the Pentagonal Number Formula.

Xi = A1 —i+ 1. Figure 1.20 shows L; and D, for A =76532.If#D, <#L,, define
@ () to be the partition obtained from (the Ferrers diagram of) A by removing D;,
and replacing it under L, to form a new row. Similarly, if #L, < #D,, define
@ (A) to be the partition obtained from (the Ferrers diagram of) A by removing L
and replacing it parallel and to the right of D,, beginning at the top row. Clearly,
@(A) = p if and only if ¢(u) = A. See Figure 1.21 for the case A = 76532 and
= 8753.Itis evident that ¢ is an involution where it is defined; the problem is that
the diagram defined by ¢ (1) may not be a valid Ferrers diagram. A little thought
shows that there are exactly two situations when this is the case. The first case
occurs when A has the form (2k — 1,2k —2,...,k).Inthiscase |A| =k(3k—1) /2 and
£()) = k. The second bad caseis A = (2k,2k—1,...,k+1).Now |[A\| =k(3k+1)/2
and €(1) = k. Hence, ¢ is a sign-reversing involution on all partitions A, with the
exception of a single partition of length k of numbers of the form k(3k £ 1)/2, and
the proof follows. 0

We can rewrite the Pentagonal Number Formula (1.88) in the form

Zp(n)xn (Z(_l)nxn(Sn—l)/Z) —1.

n>0 nez

If we equate coefficients of x” on both sides, then we obtain a recurrence for p(n):

pm)y=pn—-1)+pn-2)—pn-=5—-—pn-"7+pn—-12)+pn—15)—---.

(1.91)
It is understood that p(n) = 0 for n < 0, so the number of terms on the right-hand
side is roughly 24/2n/3. For instance,

p20) = p(19) + p(18) — p(15) — p(13) + p(8) + p(5)
=490+4385—-176 — 101 4+22+7
=627.
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Equation (1.91) affords the most efficient known method to compute all the num-
bers p(1), p(2), ..., p(n) for given n. Much more sophisticated methods (discussed
briefly later) are known for computing p(n) that don’t involve computing smaller
values. It is known, for instance, that

p(10%) = 361672513256362939888204718909536954950160303393156504220
81868605887952568754066420592310556052906916435144.

In fact, p(10'%) can be computed exactly, a number with exactly 35,228,031
decimal digits.

Itis natural to ask for the rate of growth of p(n). To this end we mention without
proof the famous asymptotic formula

eﬂm
4/3n

For instance, when n = 100 the ratio of the right-hand side to the leftis 1.0457- - -,
whereas when n = 1000, itis 1.0141---. When n = 10000 the ratio is 1.00444 - - .
There is in fact an asymptotic series for p(n) that actually converges rapidly to
p(n). (Typically, an asymptotic series is divergent.) This asymptotic series is the
best-known method for evaluating p(n) for large n.

p(n) ~ (1.92)

1.9 The Twelvefold Way

In this section we will be concerned with counting functions between two sets.
Let N and X be finite sets with #N = n and #X = x. We wish to count the
number of functions f : N — X subject to certain restrictions. There will be three
restrictions on the functions themselves and four restrictions on when we consider
two functions to be the same. This gives a total of twelve counting problems, whose
solution is called the Twelvefold Way.

The three restrictions on the functions f : N — X are the following.

(a) f is arbitrary (no restriction).
(b) f isinjective (one-to-one).
(c) f is surjective (onto).

The four interpretations as to when two functions are the same (or equiva-
lent) come about from regarding the elements of N and X as “distinguishable” or
“indistinguishable.” Think of N as a set of balls and X as a set of boxes. A function
f : N = X consists of placing each ball into some box. If we can tell the balls
apart, then the elements of N are called distinguishable, otherwise indistinguish-
able. Similarly if we can tell the boxes apart, then then elements of X are called
distinguishable, otherwise indistinguishable. For example, suppose N = {1,2,3},
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X ={a,b,c,d}, and define functions f,g,h,i : N - X by

SfM=f2)=a, [f(@B)=b,
g(1) =¢g@3) =a, g(2)=b,
h(1) =h(2) =b, h(3) =d,
i(2) =i(3) =b, i(l) =c.

If the elements of both N and X are distinguishable, then the functions have
the “pictures” shown by Figure 1.22. All four pictures are different, and the four
functions are inequivalent. Now suppose that the elements of N (but not X) are
indistinguishable. This assumption corresponds to erasing the labels on the balls.
The pictures for f and g both become as shown in Figure 1.23, so f and g are
equivalent. However, f, h, and i remain inequivalent. If the elements of X (but
not V) are indistinguishable, then we erase the labels on the boxes. Thus, f and &
both have the picture shown in Figure 1.24. (The order of the boxes is irrelevant
if we can’t tell them apart.) Hence, f and h are equivalent, but f, g, and i are
inequivalent. Finally, if the elements of both N and X are indistinguishable, then
all four functions have the picture shown in Figure 1.25, so all four are equivalent.

A rigorous definition of the above notions of equivalence is desirable. Two
functions f,g: N — X are said to be equivalent with N indistinguishable if there
is a bijection u : N — N such that f(u(a)) = g(a) for all a € N. Similarly, f
and g are equivalent with X indistinguishable if there is a bijection v : X — X
such that v(f(a)) = g(a) for all a € N. Finally, f and g are equivalent with N
and X indistinguishable if there are bijections u : N — N and v : X — X such

@l lo, I LI L, ) G e
Kp KbL‘ \T[ \T‘ Figure 1.23 Balls indistinguishable.

Mj 3 Figure 1.24 Boxes indistinguishable.
m O Figure 1.25 Balls and boxes indistinguishable.
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that v(f (u(a))) = g(a) for all a € N. These three notions of equivalence are all
equivalence relations, and the number of “different” functions with respect to one
of these equivalences simply means the number of equivalence classes. If f and
g are equivalent (in any of the foregoing ways), then f is injective (respectively,
surjective) if and only if g is injective (respectively, surjective). We, therefore, say
that the notions of injectivity and surjectivity are compatible with the equivalence
relation. By the “number of inequivalent injective functions f : N — X,” we mean
the number of equivalence classes all of whose elements are injective.

We are now ready to present the Twelvefold Way. The twelve entries are num-
bered and will be discussed individually. The table gives the number of inequivalent
functions f : N — X of the appropriate type, where #N = n and #X = x.

The Twelvefold Way

Elements Elements
of N of X Any f Injective f Surjective f

dist. dist. Lo xn L 3 x18(n,x)

i a4 () 5 () (%))

T Sn,00+Sn,1) % 1 ifn<x

. . 9,

dist. indist. et S 0 ifnox Sn,x)
10. 11. :

o o po(n) + p1(n) 1 ifnsx

indist. indist. bt () 0 ifnox px(n)

Discussion of Twelvefold Way Entries

1. For each a € N, f(a) can be any of the x elements of X. Hence, there are x"
functions.

2. Say N ={ay,...,a,}. Choose f(aj) in x ways, then f(ay) in x — 1 ways, and
so on, giving x(x — 1)--- (x —n 4+ 1) = (x), choices in all.

3. * A partition of a finite set N is a collection 7 = {B1, By, ..., By} of subsets of
N such that
a. B; #0 foreachi,
b. BN B; =@ifi #j,
c. BB UB,U---UBr = N.

(Contrast this definition with that of an ordered partition in the proof of
Lemma 1.4.11, for which the subsets By,..., By are linearly ordered.) We call
B; a block of , and we say that 7 has k blocks, denoted || = k. Define S(n,k)
to be the number of partitions of an n-set into k-blocks. The number S(n,k) is
called a Stirling number of the second kind. (Stirling numbers of the first kind
were defined preceding Lemma 1.3.6.) By convention, we put S(0,0) = 1. We use

* Discussion of entry 4 begins on page 79.
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notation such as 135-26-4 to denote the partition of [6] with blocks {1, 3,5}, {2,6},
{4}. For instance, S(4,2) =7, corresponding to the partitions 123-4, 124-3, 134-2,
234-1, 12-34, 13-24, 14-23. The reader should check that forn > 1, S(n,k) =0 if
k>n,Sn,0=0,SnD=1,5n2)=2"1—1,Swn)=1,Sh,n—1)= (;),
and S(n,n —2) = (3) +3(}). (See Exercise 43.)

NoTtkE. There is a simple bijection between the equivalence relations ~ on a set X
(which may be infinite) and the partitions of X, namely, the equivalence classes
of ~ form a partition of X.

The Stirling numbers of the second kind satisfy the following basic recurrence:

Sn,k)y=kS(n—1,k)+Sn—1,k—1). (1.93)

Equation (1.93) is proved as follows. To obtain a partition of [n] into k blocks, we
can partition [z — 1] into k blocks and place n into any of these blocks inkS(n —1,k)
ways, or we can put n in a block by itself and partition [z — 1] into k — 1 blocks
in S(n — 1,k — 1) ways. Hence, (1.93) follows. The recurrence (1.93) allows one
to prove by induction many results about the numbers S(n,k), though frequently
there will be preferable combinatorial proofs. The tofal number of partitions of an
n-set is called a Bell number and is denoted B(n). Thus, B(n) = 22:1 S(n,k),
n > 1. The values of B(n) for 1 <n < 10 are given by the following table.

23|45 6| 7] 8 | 9 | 10
|2|5|15|52|203|877|4140|21147|115975

n_|
B(n) |

| 1
|1

The following is a list of some basic formulas concerning S(n,k) and B(n):

(L3
S(n,k):FZ(—l) ’(i)l", (1.94a)
T i=0
x" 1. X
ZS(n,k)—’z—'(e — DX, k>0, (1.94b)
= n! k!
n 'xk
;S(n,k)x = i & (1.94¢)
= Z S(n,k)(xX)k, (1.94d)
k=0
B(n+1)=Z<'i’>B(i), n>0, (1.94¢)
i=0
ZB(n)Z—’: =exp(e* —1). (1.94f)
n>0 ’

We now indicate the proofs of (1.94a)—(1.94f). For all except (1.94d), we describe
noncombinatorial proofs, though with a bit more work combinatorial proofs



1.9 The Twelvefold Way 75

can be given (see e.g. Example 5.2.4). Let Fy(x) = ank S(n,k)x" /nl. Clearly,
Fo(x)=1. From (1.93) we have

Fe@) =k S(n - l,k)% +3 S -1,k - 1)%.

n>k n>k

Differentiate both sides to obtain
F,:(x) =kFr(x)+ Fr_1(x). (1.95)

Assume by induction that Fy_{(x) = ﬁ(ex — D*!, Then the unique solution
to (1.95) whose coefficient of x* is 1/k! is given by Fj(x) = %(ex — K. Hence
(1.94b) is true by induction. To prove (1.94a), write

k
1 X k _ 1 k—j k Jjx
G EZ(—D i)
j=0
and extract the coefficient of x". To prove (1.94f), sum (1.94b) on k to obtain

n 1
ZB(n)% =) (e = DF =exp(et ~ .

n>0 : k>0

Equation (1.94¢) may be proved by differentiating (1.94f) and comparing coeffi-
cients, and it is also quite easy to give a direct combinatorial proof (Exercise 107).
Equation (1.94c¢) is proved analogously to our proof of (1.94b) and can also be
given a proof analogous to that of Proposition 1.3.7 (Exercise 45). It remains to
prove (1.94d), and this will be done following the next paragraph.

We now verify entry 3 of the Twelvefold Way. We have to show that the number
of surjective functions f : N — X is x!S(n,x). Now x!S(n,x) counts the number
of ways of partitioning N into x blocks and then linearly ordering the blocks,
say (B1,Ba,...,By). Let X = {b1,b»,...,b,}. We associate the ordered partition
(B1, By, ..., By) with the surjective function f : N — X defined by f(i) =b; if
i € B;. (More succinctly, we can write f(B;) = b;.) This establishes the desired
correspondence.

We can now give a simple combinatorial proof of (1.94d). The left-hand side is
the total number of functions f : N — X. Each such function is surjective onto a
unique subset Y = f(N) of X satisfying #Y <n.If#Y =k, then there are k!S(n,k)
such functions, and there are (),z) choices of subsets Y of X with #Y = k. Hence,

\ n X n
x" = gk!S(n,k) <k> = kX:(:)S(n,k)(x)k. (1.96)

Equation (1.94d) has the following additional interpretation. The set P = K[x]
of all polynomials in the indeterminate x with coefficients in the field K forms a
vector space over K. The sets B] = {l,x,xz,...} and By ={1,(x),(x)2,...} are
both bases for P. Then (1.94d) asserts that the (infinite) matrix S = [S(n,k) ]k nen
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is the transition matrix between the basis B, and the basis B;. Now consider again
equation (1.28) from Section 1.3. If we change x to —x and multiply by (—1)",
we obtain

n
> snhxt = (x),.
k=0
Thus, the matrix s = [s(n,k)]x »en 1S the transition matrix from B to B; and is,

therefore, the inverse to the matrix S.
The assertion that the matrices S and s are inverses leads to the following result.

1.9.1 Proposition. a. For allm,n € N, we have

> S(m.k)s(k,n) = Sn.

k>0

b. Let ag,ay,... and bo,by,... be two sequences of elements of a field K. The
following two conditions are equivalent:
i. ForallneN,

n
ba=Y_S(n.k)a.
k=0

ii. ForallneN,

n
ap = Zs(n,k)bk.

k=0

Proof.

a. This is just the assertion that the product of the two matrices S and s is the
identity matrix [8,,,].

b. Let a and b denote the (infinite) column vectors (ag,ay,...)" and (by,b1,...)",
respectively (where ’ denotes transpose). Then (i) asserts that Sa = b. Multiply
on the left by s to obtain @ = sb, which is (ii). Similarly (ii) implies (i).

O
The matrices S and s look as follows:
1 0 O 0 0 0O 0 0 7
01 O 0 0 0O 0 0
01 1 0 0 0O 0 0
o1 3 1 0 0 0 0
s=| 01 7 6 1 0 0 0
0 1 15 25 10 1 00
0 1 31 9 65 15 1 0
0 1 63 301 350 140 21 1
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1 0 0 0 0 0 0 0
0 1 0 0 0 0 00
0 -1 1 0 0 0 0 0
0 2 -3 1 0 0 0 0
s=] O —6 11 —6 1 0 0 0
0 24 =50 35 —-10 1 0 0
0 —-120 274 =225 8 —15 1 0
0 720 -1764 1624 -735 175 =21 1

Equations (1.28) and (1.94d) also have close connections with the calculus of
finite differences, about which we will say a very brief word here. Given a function
f:Z— K (or possibly f:N — K), where K is a field of characteristic 0, define
a new function A f, called the first difference of f, by

Af(n)=fn+1) = fn).

We call A the first difference operator, and a succinct but greatly oversimplified
definition of the calculus of finite differences would be that it is the study of the
operator A. We may iterate A k times to obtain the k-th difference operator,

AR F =AY,

The field element AX £(0) is called the k-th difference of f at 0. Define another
operator E, called the shift operator, by Ef(n) = f(n+1). Thus, A = E — 1,
where 1 denotes the identity operator. We now have

A fm)y=(E-D"fn)

k k
_ k=i i
= ;:o( 1) <l>E f@n)

k k
= Z(_Uk-l <i>f(n +1i). (1.97)
i=0
In particular,
k
k _ k=i k .
A f«»-%( 1) <i>f(z), (1.98)

which gives an explicit formula for A*f£(0) in terms of the values
£(0), £(0),..., f(k). We can easily invert (1.97) and express f(n) in terms of
the numbers A’ £(0). Namely,

f(n)=E" f(0)
=(1+4)"£(0)

=Z<Z>Akf(0). (1.99)
k=0
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NoTE. The operator A is a “discrete analogue” of the derivative operator D = %.
It is an instructive exercise to find finite difference analogues of concepts and
results from calculus. For instance, the finite difference analogue of ¢* is 2", since
De* = ¢* and A2" =2". Similarly, the finite difference analogue of x" is (x),,
since Dx" = nx""! and A(x), = n(x),_1. The finite difference analogue of the
Taylor series expansion

1 k k
Fey =) (D fO)x
k>0
is just equation (1.99), where we should write (Z) = %(n)k to make the analogy
even more clear. A unified framework for working with operators such as D and
A is provided by Exercise 5.37.

Now given the function f : Z — K, write on a line the values

- f(Z2) f(=D fO) £ fQ) -

If we write below the space between any two consecutive terms f (i), f(i + 1)
their difference f(i + 1) — f(i) = A f(i), then we obtain the sequence

A AFED AFO)AFA)ALQR) -

Iterating this procedure yields the difference table of the function f. The kth
row (regarding the top row as row 0) consists of the values AX f (). The diagonal
beginning with f(0) and extending down and to the right consists of the differences
at0 (i.e., AF £(0)). For instance, let f(n) =n* (where K = Q, say). The difference
table (beginning with f(0)) looks like

0 1 16 81 256 625
1 15 65 175 369
14 50 110 194
36 60 84
24 24
0

Hence by (1.99),

nt= (") 4D ) +36( ") +24( ") +0( D)+
1 2 3 4 5 '
In this case, since n*

of degree k, the preceding expansion stops after the term 24 (Z) that is, A¥0* =0
if k > 4 (or more generally, Akn* = 0 if k > 4). Note that by (1.94d) we have

4
4= msmm(?,
n g ( r

so we conclude 1!5(4,1) =1, 2!S(4,2) =14, 3!5(4,3) =36, 4!5(4,1) = 24.

is a polynomial of degree 4 and (Z) for fixed k, is a polynomial
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There was of course nothing special about the function n* in the preceding
discussion. The same reasoning establishes the following result.

1.9.2 Proposition. Let K be a field of characteristic 0.

(a) A function f : 7 — K is a polynomial of degree at most d if and only if
AL £ (n) =0 (or A? f(n) is constant).

(b) If the polynomial f(n) of degree at most d is expanded in terms of the basis
(Z), 0 <k <d, then the coefficients are Akf(O); that is,

d n
f@) =§A"f(0)~ (k)

(c) In the special case f(n) =n?, we have
AROT = k1S (d, k).

1.9.3 Corollary. Let f : Z — K be a polynomial of degree d, where char(K) =0.
A necessary and sufficient condition that f (n) € Zforalln € Z is that A f (0) € Z,
0 <k <d. (In algebraic terms, the abelian group of all polynomials f : 7Z — 7 of

degree at most d is free with basis (8) (’1’), e, (Z))
Let us now proceed to the next entry of the Twelvefold Way.

4. The “balls” are indistinguishable, so we are only interested in how many balls
go into each box by, by, ...,by. If v(b;) balls go into box b;, then v defines an
n-element multiset on X. The number of such multisets is ((; ))

5. This is similar to 4, except that each box contains at most one ball. Thus our
multiset becomes a set, and there are (2) n-element subsets of X.

6. Each box b; must contain at least one ball. If we remove one ball from each
box, then we obtain an (n — x)-element multiset on X. The number of such

multisets is (( " fx )) Alternatively, we can clearly regard a ball placement as

a composition of n into x parts, whose number is ("~ }) = ((nfx ))

7. Since the boxes are indistinguishable, a function f : N — X is determined
by the nonempty sets f~'(b), b € X, where f~'(b) ={a € N : f(a) =b).
These sets form a partition = of N, called the kernel or coimage of f. The
only restriction on 7 is that it can contain no more than x blocks. The number
of partitions of N into at most x blocks is S(n,0) + S(n,1) +---+ S(n,x).

8. Each block of the coimage 7 of f must have one element. There is one such
7 if x > n; otherwise, there is no such 7.

9. If f is surjective, then none of the sets £~ (b) is empty. Hence, the coimage
7 contains exactly x blocks. The number of such 7 is S(n,x).

10. Let pr(n) denote the number of partitions of n into k parts, as defined in
Section 1.7. A function f : N — X with N and X both indistinguishable is
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determined only by the number of elements in each block of its coimage 7.
The actual elements themselves are irrelevant. The only restriction on these
numbers is that they be positive integers summing to 7, and that there can be
no more than x of them. In other words, the numbers form a partition of » into
at most x parts. The number of such partitions is pg(n) + p1(n) +-- -+ px (n).
Note that this number is equal to p, (n 4 x) (Exercise 66).

11. Same argument as 8.

12. Analogous argument to 9. If f : N — X is surjective, then the coimage 7 of
f has exactly x blocks, so their cardinalities form a partition of » into exactly
X parts.

There are many possible generalizations of the Twelvefold Way and its individ-
ual entries. See the Notes for an extension of the Twelvefold Way to a “Thirtyfold
Way.” Another very natural generalization of some of the Twelvefold Way entries
is the following. Let o = («y,...,0,) € N" and B = (B1,...,8,) € N". Suppose
that we have «; balls of color i, 1 <i < m. Balls of the same color are indistin-
guishable. We also have n distinguishable boxes By,..., B,. In how many ways
can we place the balls into the boxes so that box B; has exactly 8; balls? Call this
number Nyg. Similarly define Mg to be the number of such placements with the
further condition that each box can contain at most one ball of each color. Clearly,
Nop = Mypg=0unless ) «; =) B (the total number of balls). Given a placement
of the balls into the boxes, let A be the m x n matrix such that A;; is the number
of balls colored i that are placed in box B;. It is easy to see that this placement is
enumerated by Ny if and only if the ith row sum of A is o; and the jth column sum
is B;. In other words, A has row sum vector row(A) = a and column sum vector
col(A) = B. Thus, Nyg is the number of m x n N-matrices with row(A) = « and
col(A) = B. Similarly, Mg is the number of m x n (0, 1)-matrices withrow(A) =
and col(A) = B. In general, there is no simple formula for Nyg or Mg, but there are
many interesting special cases, generating functions, algebraic connections, and
the like. See for instance Proposition 4.6.2, Proposition 5.5.8—Corollary 5.5.11,
and the many appearances of Nyg and Mg in Chapter 7.

1.10 Two g-Analogues of Permutations

We have seen that the vector space Iy, is a good g-analogue of the n-element set [n],
and a k-dimensional subspace of I is a good g-analogue of a k-element subset of
[n]. See in particular the finite field proofs of Proposition 1.7.3 and the g-binomial
theorem (equation (1.87)). In this section, we pursue this line of thought further by
considering the g-analogue of a permutation of the set [#]. It turns out that there are
two good g-analogues that are closely related. This section involves some linear
algebra over finite fields and is unrelated to the rest of the text; it may be omitted
without significant loss of continuity.
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1.10.1 A g-Analogue of Permutations as Bijections

A permutation w of the set [#] may be regarded as an automorphism of [n] (i.e.,
a bijection w : [n] — [n] preserving the “structure” of [n]). Since [n] is being
regarded simply as a set, any bijection w : [n] — [nr] preserves the structure.
Hence, one g-analogue of a permutation w is a bijection A : Fj — [y preserving
the structure of ]FZ The structure under consideration is that of a vector space, so
A is simply an invertible linear transformation on ]FZ The set of all such linear
transformations is denoted GL(n,q), the general linear group of degree n over
F,. Thus, GL(n,q) is a g-analogue of the symmetric group &,,. We will some-
times identify a linear transformation A € GL(n,q) with its matrix with respect
to the standard basis ey, ...,e, of IFZ, that is, ¢; is the ith unit coordinate vec-
tor (0,0,...,0,1,0,...,0) (with 1 in the ith coordinate). Hence, GL(n,q) may be
identified with the group of all n x n invertible matrices over F,.

For any of the myriad properties of permutations, we can try to find a corre-
sponding property of linear transformations over F,. Here we will consider the
following two properties: the total number of permutations in &, and the distri-
bution of permutations by cycle type. The total number of elements (i.e., the order)
of GL(n,q) is straightforward to compute.

1.10.1 Proposition. We have
#GL(n,q) = (" — D(G" —9)(q" —¢P)---(¢"—¢""")  (1.100)
=49 q - D" @

Proof. Regard A € GL(n,q) as an n x n matrix. An arbitrary n x n matrix over I,
is invertible if and only if its rows are linearly independent. There are, therefore,
q" — 1 choices for the first row; it can be any nonzero element of IFZ There are
g vectors in [ linearly dependent on the first row, so there are ¢" — g choices
for the second row. Since the first two rows are linearly independent, they span a
subspace V of I}, of dimension 2. The third row can be any vector in Fy notin V,
so there are ¢” — ¢ choices for the third row. Continuing this line of reasoning,
there will be ¢g" — ¢! choices for the ith row, so we obtain (1.100). O

The g-analogue of the cycle type of a permutation is more complicated. Two
elements u,v € G, have the same cycle type if and only if they are conjugate in
&, (i.e., if and only if there exists a permutation w € S,, such that v = wuw ™).
Hence, a reasonable analogue of cycle type for GL(n,q) is the conjugacy class
of an element of GL(n,q). In this context, it is better to work with all n x n
matrices over [F, and then specialize to invertible matrices. Let Mat(n,q) denote
the set (in fact, an [F,-algebra of dimension n?) of all n x n matrices over F q- We
briefly review the theory of the adjoint action of GL(n,q) on Mat(n, q). The proper
context for understanding this theory is commutative algebra, so we first review
the relevant background. There is nothing special about finite fields in this theory,



82 What Is Enumerative Combinatorics?

so we work over any field K, letting GL(n, K) (respectively, Mat(n, K)) denote
the set of invertible (respectively, arbitrary) n x n matrices over K.

Let R be a principal ideal domain (PID) that is not a field, and let M be a finitely
generated R-module. Two irreducible (= prime, for PIDs) elements x,y € R are
equivalent if xR = yR (i.e., if y = ex for some unit ¢). Let P be a maximal
set of inequivalent irreducible elements of R. The structure theorem for finitely
generated modules over PIDs asserts that M is isomorphic to a (finite) direct sum
of copies of R and R /xi R for x € P and i > 1. Moreover, the terms in this direct
sum are unique up to the order of summands. Thus, there is a unique k > 0, and
for each x € P there is a unique partition A(x) = (A1(x),A2(x),...) (which may
be the empty partition) such that

M=R'oPER/R.

X€P i>1

If moreover M has finite length d (i.e., d is the largest integer j for which there is
a proper chain My C M| C --- C M; of submodules of M), then k = 0.

Now consider the case where R = K[u], well-known to be a PID. Let 7 =
Z(K) (abbreviated to Z(g) when K =T,) denote the set of all nonconstant monic
irreducible polynomials f(x) over K, and let Par denote the set of all partitions of
all nonnegative integers. Given M € Mat(n, K), then M defines a K [1]-module
structure on K", where the action of u is that of M. Let us denote this K [u#]-module
by K[M]. Since K[M] has finite length as a K[u]-module (or even as a vector
space over K), we have an isomorphism

kM= P @K[u]/(f(u)*im). (1.101)

FET(K) i>1

Moreover, the characteristic polynomial det(z/ — M) of M is given by

detzI-M)= [] f™L
feZ(K)
Now GL(n, K) acts on Mat(n, K) by conjugation, that s, if A € GL(n,K) and M €
Mat(n,q), then A- M= AMA~". (This action is called the adjoint representation
or adjoint action of GL(n, K').) Moreover, two matrices M and N in Mat(n, K)
are in the same orbit of this action if and only if K[M] and K[N] are isomorphic
as K[u]-modules. Hence, by equation (1.101), we can index the orbit of M by a
function
Oy :I(K) — Par,

where

> 1w (f)]-deg(f) =n, (1.102)

fEI(K)

namely, ®y(f) = A(f). We call the function ® = ®y; the orbit type of M. It is
the analogue for Mat(n, K) of the cycle type of a permutation w € G,,.
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We now restrict ourselves to the case K = IF,. As a first application of the
description of the orbits of GL(%,q) acting adjointly on Mat(n,q), we can find the
number of orbits. To do so, define 8(n,q) = B(n) to be the number of monic irre-
ducible polynomials f(z) of degree n over IF,. It is well known (see Exercise 2.7)
that

1
_ n/d
ﬂ(n,q)—n E u(d)g"'e. (1.103)

d|n

1.10.2 Proposition. Let w(n,q) denote the number of orbits of the adjoint action
of GL(n,q) on Mat(n,q), or equivalently, the number of different functions ® :
Z(g) — Par satisfying (1.102). Then

w(n.g) =Y pjng’,

J
where p;(n) denotes the number of partitions of n into j parts. Equivalently,
Yo" =]Ta-gx)".
n=0 jzl1

Proof. We have
Yo=Y xXseri®fiden

n>0 &:7—Par

=TI (Z x|x|~deg<f>>

feZ \rePar

-TIT1 (1 —xf‘de‘é(f))*l (by (1.77))

feTj=1

— 1_[ l—[(l — xImy=Bm

n>1j>1

Now using the formula (1.103) for 8(n), we get

log ) o(n.g)x" =Y " Bn)log(l—x/")~!

n>0 n>1j>1
1 xijn
=225 2 pn/dg" ) —.
. n ‘ 1
n>1j>1 dln i>1

Extract the coefficient c¢(d,N) of quN. Clearly, ¢(d,N) =0, when d t N, so
assume d|N. We get

@)=Y Y /)

(N n:dln\lﬁ,

1 1
= Zl— Z %M(m).

i my
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An elementary and basic result of number theory asserts that

Z (k) _ o (r)

—_— P
k|r

where ¢ denotes the Euler phi-function. Hence,

Z¢(N/ld)'

c(d,N) = N/d

”d

Another standard result of elementary number theory states that

D ot/ky=Y k) =r,

k|r k|r
so we finally obtain
I1N/d 1
cd.Ny=Nd_1
dN/d d

On the other hand, we have

d..nd

logH(l—qx" Z q a

n>1 n>1d>1

The coefficient ¢’(d,N) of quN is O unless d|N; otherwise, it is 1/d. Hence,
c(d,n) =c’(d,n), and the proof follows. O

NoOTE. Proposition 1.10.2 shows that, insofar as the number of conjugacy classes
is concerned, the “correct” g-analogue of &, is not the group GL(n,q) itself,
but rather its adjoint action on Mat(n,qg). The number of orbits w(n,q) is a
completely satisfactory g-analogue of p(n), the number of conjugacy classes
in &,, since w(n,q) is a polynomial in ¢ with nonnegative integer coeffi-
cients satisfying w(n,1) = p(n). Note that if w*(n,q) denotes the number of
conjugacy classes in GL(n,q), then w*(n,q) is a polynomial in ¢ satisfying
w*(n,1) =0 (Exercise 1.190). For more conceptual proofs of Proposition 1.10.2,
see Exercise 1.191.

We next define a “cycle indicator” of M € Mat(n,q) that encodes the orbit of
M. For every f €1 and every partition A # ¢, let 17, be an indeterminate. If
A=0,thensetts, =1.Let ) : Z — Par be the orbit type of M. Define

"M = tr.em0-
fez
Set
y(n) =y(n,q) =#GL(n,q).
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We now define the cycle indicator (or cycle index) of Mat(n, q) to be the polynomial

N = o
Zn(t,q)—zn({tf,)»}’q)_y(n) Z oM

M eMat(n,q)
(Set Zo(t;q9) =1.)
1.10.3 Example. (a) Let M be the diagonal matrix diag(1,1,3) . Then t®™ =
t—1,(1,0t—3,1) if ¢ # 2™; otherwise, oM = t-1,,1,1)-

(b) Letn =g =2. Then

1
Z(t;2) = (lz (1,1 +3t,2) + 61, ()t 1,1y H 1D

+3tz+1»(2)+2tz2+z+l,(l))' (1.104)

We now give a g-analogue of Theorem 1.3.3, in other words, a generating
function for the polynomials Z, (¢;q). To see the analogy more clearly, recall from
equation (1.27) that

>z =[S
n>0 i>1j>0 lj‘l

The denominator i/ j! is the number of permutations w € &; ;j that commute with
a fixed permutation with j i-cycles.

1.10.4 Theorem. We have

S aepe =[] ¥

n>0 feZ rePar

tax e

, 1.105
) ( )

where c ¢ (L) is the number of matrices in GL(n,q) commuting with a fixed matrix
M of size |L(f)|-deg(f) satisfying

)\. =
wwn-|§ 12

Equivalently, ¢ r(A) is the number of F,-linear automorphisms of the ring
Fy[M1= @F, L)/ (f D)
i>1
appearing in equation (1.101).
Proof (sketch). Let G be a finite group acting on a finite set X. For a € X, let
Ga={g-a: g€ G},the orbit of G containing a. Alsolet G, = {g € G:g-a =a},

the stabilizer of a. A basic and elementary result in group theory asserts that
#Ga - #G, =#G. Consider the present situation, where G = GL(n,q) is acting on
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Mat(n,q). Let M € Mat(n,q). Then A € Gy, if and only if AMA™! = M (i.e., if
and only if A and M commute). Hence,

#G
M= ,
cG (M)

(1.106)

where cg (M) is the number of elements of G commuting with M.
We have a unique direct sum decomposition

o =Bvr.

fez

where
Vi={ve IFZ : f(M) (v) =0 for some r > 1}.

Thus, M =P .y My, where MyVy € Vy and My V, = {0} if g # f. A matrix
A commuting with M respects this decomposition (i.e., AVy C V¢ forall f € 1).
Thus, A = @feIAf’ where AyVy C Vi and AV, = {0} if g # f. Then A
commutes with M if and only if A y commutes with My for all f. In particular,

co(M) = [ er@ur).

feT

It follows from equation (1.106) that the number of conjugates of M (i.e., the
size of the orbit G M) is given by

y(n)

#GM = —————.
TT;cr(@u(f)

(1.107)

This number is precisely the coefficient of t®M /y (n) in equation (1.105), and the
proof follows. 0

In order for Theorem 1.10.4 to be of any use, it is necessary to find a formula
for the numbers ¢ ¢ (). There is one special case that is quite simple.

1.10.5 Lemma. Let f(z) =z —a for somea € Fy, and let (1%) denote the partition
with k parts equal to 1. Then Cf((lk)) =y k).

Proof. We are counting matrices A € GL(k, q) that commute with a k x k diagonal
matrix with a’s on the diagonal, so A can be any matrix in GL(k,q). O

1.10.6 Corollary. Let d, denote the number of diagonalizable (over IF,;) matrices

M e Mat(n,q). Then
q

x" xk
Zd”% ={2 y (k)

n>0 k>0

Proof. A matrix M is diagonalizable over I, if and only if its corresponding
orbit type ®y : Z — Par satisfies ®p(f) =@ unless f =z —a fora € Fy, and
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@y (z — a) = (1*) in the notation of equation (1.74) (where we may have k = 0,
i.e., a is not an eigenvalue of M). Hence,

dy =y (n) Zn(t;Q)|t X
z—a,(l

=1, Lf =0otherwise *

)
Making the substitution b aiky = 1,17, =0 otherwise into Theorem 1.10.4 yields

a,

Yo=Y
dy—— = _
k
1=0 y(n) €y k=0 c—a({1%))
The proof follows from Lemma 1.10.5. O
The evaluation of ¢ ¢ (1) for arbitrary f and A is more complicated. It may be
regarded as the g-analogue of Proposition 1.3.2, since equation (1.107) shows that
the number of conjugates of a matrix M is determined by the numbers ¢ 7 (®(f)).
This formula for c (1) is a fundamental enumerative result on enumerating classes
of matrices in Mat(n,q), from which a host of other enumerative results can be
derived. Let ' = (A ,A/z,...) denote the conjugate partition to A, and let m; =

m; (L) = A; — A, be the number of parts of A of size i. Set

hi =M+ M54+ A
and let d = deg(f).
1.10.7 Theorem. We have

cf(,\)zl_[]_l[(q”id—qmi—f)d). (1.108)

i>1j=1

1.10.8 Example. (a) Let A = (4,2,2,2,1), so A = (5,4,1,1), h1 =5, hp, =9,
h3 =10, ha =11, m; =1, my =3, mg = 1. Thus, for deg(f) = 1, we have

cr,2,2,2,1) = (¢’ —¢9(° - d*(@® —a" (@’ — ¢®)@" - ¢'0).

(b) Let A = (k),so A/ = (1%}, h; =i for 1 <i <k, and my = 1. Fordeg(f) =1, we
getcy(k) = g* — ¢*~!. Indeed, we are asking for the number of matrices A €
GL(k,q) commuting with a k x k Jordan block. Such matrices are easily seen
to be upper triangular with constant diagonals (parallel to the main diagonal).
There are g — 1 choices for the main diagonal and g choices for each of the
k — 1 diagonals above the main diagonal, giving (¢ — 1)g*~! = gk — g*~!
choices in all.

Proof of Theorem 1.10.7. The proof is analogous to that of Proposition 1.3.2. We
write down some data that determine a linear transformation M € Mat(nd,q) for
which ®,(f) = A F n, and then we count in how many ways we obtain the same
linear transformation M. Let £ = £(A), the number of parts of A, and similarly
k=L())=A1.
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Now let
v={v; 1 <i<{ 1=<j<d)\)
be a basis B for IFZd, together with the indexing v;; of the basis elements. Thus, the
number N (n,d,q) of possible v is the number of ordered bases of Frd, namely,
Nn.d.q)=(@" = 1)(g" —q)---(q"" —¢"""") =#GL(nd.q). ~ (1.109)
Let M = M, be the unique linear transformation satisfying the following three

properties:

e The characteristic polynomial det(z/ — M) of M is f(2)".

e Foralll1 <i<{and1<j<A;d, wehave M(v;j) =v; j11.

e Forall 1 <i </, we have that M (Ui,xl-d) is a linear combination of the v; i’s for
1< j< Aid.

It is not hard to see that M is indeed unique and that ®»,(f) = A.
We now consider how many indexed bases v = (v;;) determine the same linear
transformation M. Given M, define

Vi=weF): f(M) (v)=0}, 1<i<k.
It is clear that
VicVaC---CV,
dimV; = (A} + A5+ -+ A)d = hid,
dim(V;/Vi—1) = Aid.
If B is a subset of ]FZ, then set

F(M)B={f(M)v:ve B).

There are g4m(Vi)d — qd‘m(vk—l)d =gk — qhk—ld choices for vy (since vy can

be any vector in Vi not in Vj_1), after which all other v;; are determined. There

are then qhkd — q(hk—1+1)d choices for vy (since v21 can be any vector in Vi not
in the span of Vj_; and {v11,v12,...,v14}), and so on, down to qhkd — q(hk—1+mk)d
choices for Uy, 1-

Let
Bi:={vi1,vj2,...,viq : | <i <X}

Thus, Bj is a subset of V; whose image in Vi /Vi_1 is a basis for Vj/Vx_;. Now
Umy+1,1 (= vk;ﬁ]’l) can be any vector in Vj_{ not in the span of f(M)B{ U Vj_,,
so there are

qdim(Vk_l) _ S #B1+dim(Vi_9) :qhk—ld myd+hy_od hp_1d (hg—1—mp_1)d

q -9

hp_1d

=9
(hg—_1—myp_1+Dd

—q
choices for v,/ , | |. There are then ¢
hg—1d _ g1 —m_1+2)d

choices for UA;{ 120

hy_1d _

—q
then ¢ choices for Ux;{ 131> €t down to ¢

(hf_1—Dd

q

q choices for v}»;(_l,l'
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Let
By = (i1, 0i2,...,Via * M+ 1<i <A}
so By =@ if A} = A;_,. Then f(M)(B; U By) is a subset of V;_; whose image
in Vj_1/Vi_s is a basis for Vy_1/Vi_>. Now Ux;( (LI can be any vector in Vi_»
not in the span of f(M)(B; U B,) U Vi_3, so there are
dim(Vk_z) _ q#Bl+#BZ+dim(Vk—3)

hp_nd myd+my_1d+hy_3d

q =q —q

hy_nd hy_y— d
=ghk-2 _q( k—2—"Mg—2)

choices for CYRNERE There are then ¢"k—2¢ — gk—2=mk=2+Dd chojces for
hy_od _ q(hk,z—mk,zu)d

_ (2= o
q'\"k=2 choices for U%,z»l'

”A}(_1+2,1 ,thengq
hy_od

choices for vk;( EENT and so on, down

togq

Continuing in this manner shows that the total number of choices for v is given
by the right-hand side of equation (1.108).

We have shown that each indexed basis v of ng defines amatrix M € Mat(nd,q)
with ®,,(f) = A. Moreover, every matrix satisfying ®,,(f) = A occurs the same
number L(n,d,q) of times, given by the right-hand side of (1.108). Since by
(1.109) the number of indexed bases is #GL(nd,q), we get that the number of
matrices M satisfying ®,(f) = A is equal to GL(nd,q)/L(nd,q). 1t follows
from equation (1.106) that L(nd,q) = cy(1), completing the proof.

As a slight variation, we can see directly that L(nd,q) =c¢ f (1) as follows. Let
v = (v;;) be a fixed indexed basis for F”d with M = M (v). Letv' = (v; ) be another
indexed basis satisfying M = M (v'). Then the linear transformation A eGL(nd,q)
satisfying A(v;;) =v; ; for all i, j commutes with M, and all matrices commuting
with M arise in this way. Hence once again L(nd,q) =cy(}). O

Even with the preceding formula for ¢ ¢ (1), equation (1.105) is difficult to work
with in its full generality. However, if we specialize each variable 7 ; to t* i |, then
the following lemma allows a simplification of (1.105).

1.10.9 Lemma. Forany f €1 of degree d we have

25T

Proof. By Theorem 1.10.7, it suffices to assume d = 1. Our computations take
place in the ring C(g)[[x]] (i.e., power series in x whose coefficients are rational
functions in ¢ with complex coefficients). It follows from Proposition 1.8.6(c) that

—n

-1 n
A T *'q
II<1 ) =L i g (g

P
r>1 9 n>0

¥ —1)'xg®
(=) —g?) - (1—g")

n>0
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Hence, by Theorem 1.10.7, we need to prove that

mit) 1 (—1)g®
ZH H ; = = . (1.110)
0 —ghi®= (1= q)(1=q*) - (1—gq")

1
wniz=1 j=1 4

Substitute 1/g for ¢ in equation (1.110). We will simply write #; = h; (1) and
m; =m;()\). Since
1 qhi

q—h[ _q—(hi—j) 1 —q/ ’
the left-hand side of (1.110) becomes

g™Mihi
Zl—[(l—Q)'"(l—qmi)'

Ani>1
It is easy to see that
2
S =Y 64"
i1 i>1

which we denote by (A/,1).
Under the substitution ¢ — 1/¢, the right-hand side of (1.110) becomes ¢" /(1 —
q)---(1 —¢g™). Thus, we are reduced to proving that

n

IBY 1 q
(4527 = . 1.111
Zq 1_[(l—qz)m(l—q’"i) (1—q)---(1—¢g™ ( )

An i>1

We can replace (1/,1”) by (A, A) since this substitution merely permutes the terms
in the sum. Set m; = m;(A") = A; — Aj41. Then

(M) ! g% ()”1) (kz) .
ZC] l_[ Z A2 A3 .

(- (-g") (- A=gt

The coefficient of qk in the right-hand side of (1.111)is equal to p, (k), the number
of partitions of k with largest part n. Given such a partition u = (u1,u2,...),
associate a partition A F u1 by taking the rank (= length of the Durfee square) of
1, then the rank of the partition whose diagram is to the right of the Durfee square
of u, and so on. For instance, if u = (7,7,5,4,3,2), then A = (4,2, 1) as indicated
by Figure 1.26. Given A, the generating function » w4 11 for all corresponding s is

o))
(I—q) (=g \n)\a3)

as indicated by Figure 1.27 (using Proposition 1.7.3), and the proof follows. [
Now let

Z(t;q):Zn(t;q)lt“ -

:[f

For instance, from equation (1.104) we have

~ 1
Zo(2) = (4IZ2 + 42+ 6ty + 21‘12+Z+1) )
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©  Figure 1.26 The “successive Durfee squares” of u =
(7,7,5,4,3,2).

2 Figure 1.27 The “successive Durfee square
2 q” decomposition” of A.

o T o

U

Let f = ]_[f EIfl , with deg f = n. Then the coefficient of tf f2 in

y (n, q)Z (t;q) is just the number of matrices M € Mat(n,q) with characterlstlc
polynomial f. Note that in general if we define deg(ty) = deg(f), then Z,, (t;q)
is homogeneous of degree 7.

The following corollary is an immediate consequence of Theorem 1.10.4 and
Lemma 1.10.9.

1.10.10 Corollary. We have
1
deg(f)
trx
ZZ X _Hl—[< T grdee(n > :
n>=0 fezr=1

Many interesting enumerative results can be obtained from Theorem 1.10.4 and
Corollary 1.10.10. We give a couple here and some more in the Exercises (193—
195). Let B*(n,q) denote the number of monic irreducible polynomials f(z) # z
of degree n over . It follows from (1.103) that

qg—1, n=1,
Bra)=1 | y (1.112)
S g (g, n> 1.

1.10.11 Corollary. (a) We have

_l_[l_[ rn n —B*(n.q)

n>1r>1
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(b) Let g(n) denote the number of nilpotent matrices M € Mat(n,q). (Recall that
A is nilpotent if A =0 for some m > 1.) Then g(n) = ¢""~ V.

Proof. (a)LetZT* =7 —{z}.Sett, =0and ¢ty =1 for f # z in Corollary 1.10.10.

Now
7ot =0, 1, = 1if f£0)= " .
' y (n)
so we get
ydeg(f)
I_I I_I - rdeg(f)
fez*r=1
_1_[1_[ 7rn n ﬂ*(nq)

n>1r>1

Since the left-hand side is independent of g, we can substitute 1/g for g in the
right-hand side without changing its value, and the proof follows. This result
can also be proved by taking the logarithm of both sides and using the explicit
formula for 8*(n,q) given by equation (1.112).

(b) A matrix is nilpotent if and only if all its eigenvalues are 0. Hence,

g(l’l) = )’(”) Z(h‘]) |tZ:1’ tf:() if f#z7°
By Corollary 1.10.10 and Proposition 1.8.6(a) there follows

o (GE

—k .k

=2 o
S(l—gH (=g
_ k(k—=1) X xt

%q y®’

and the proof follows. (For a more direct proof, see Exercise 1.188.)

1.10.2 A g-Analogue of Permutations as Words

We now discuss a second g-analogue of permutations (already discussed briefly
after Corollary 1.3.13) and then connect it with one discussed earlier (matri-
ces in GL(n,q)). Rather than regarding permutations of 1,2,...,n as bijections
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w : [n] — [n], we may regard them as words aja; - --a,. Equivalently, we can
identify w with the maximal chain (or (complete) flag)

D=8 CSC--CS,=In] (1.113)

of subsets of [n], by the rule {a;} = S; — S;_;. For instance, the flag ¥ C {2} C
{2,4} C{1,2,4} C {1,2,3,4} corresponds to the permutation w = 2413. The natural
g-analogue of a flag (1.113) is a maximal chain or (complete) flag of subspaces

{0}=V0CV1C---CV,,=]FZ (1.114)

of subspaces of ]FZ, so dim V; =i. It is easy to count the number of such flags (as
mentioned after Corollary 1.3.13).

1.10.12 Proposition. The number f(n,q) of complete flags (1.114) is given by
fg)=@!=0+9)A+q+¢%) - (L+q+--+¢").

Proof. There are ('1’) = (n) choices for Vj, then ("Il) choices for V, (since the
quotient space I / V) is an (n — 1)-dimensional vector space), etc. (|
Comparing Corollary 1.3.13 with Proposition 1.10.12, we see that

fogy =Y ¢™™.

weSy

We can ask whether there is a bijective proof of this fact analogous to our proof of
Proposition 1.7.3. In other words, letting F(n, q) denote the set of all flags (1.114),
we wantto findamap ¢ : F(n,q) — &, suchthat#¢~ ! (w) =¢™™ forallw € S,,.
Such a map can be defined as follows. Let F' € F(n,q) be the flag (1.114). It is
not hard to see that there is a unique ordered basis v =v(F) = (v1,v2,...,v;,) for
IFZ (where we regard each v; as a column vector) satisfying the two conditions:

e V,=span{vy,...,v;}, | <i<n

e There is a unique permutation ¢(F) = w € &, for which the matrix A =
[v1,...,u,]" satisfies (a) A; i) =1for 1 <i <n,(b) A; j; =0if j > w(i), and
(¢) Ajwi =0if j >i.Inother words, A can be obtained from the permutation
matrix Py, (as defined in Section 1.5) by replacing the entries A;; for (i, j) € Dy,
(as defined in Section 1.5) by any elements of IF,. We call A a w-reduced matrix.

For instance, suppose that w = 314652. Figure 1.5 shows that the possible matrices
A have the form

SO OO = ¥
—_ % % % O *
S OO O O~
SO O = O O
S = ¥ O O O
S o= O O O
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Let €2, be the set of flags F' € F(n,q) for which ¢ (F) = w. Thus,
Fn.g) =) wes, w- (1.115)

Since #D,, = inv(w), we have #9,, = ¢™ ™), so we have found the desired combi-
natorial interpretation of Proposition 1.10.12. The sets €2, are known as Schubert
cells, and equation (1.115) gives the cellular decomposition of the flag variety
F(n,q), completely analogous to the cellular decomposition of the Grassmann
variety Gy, given in the proof of Proposition 1.7.3. The canonical ordered basis
v(F) is the “flag analogue” of row-reduced echelon form, which gives a canonical
ordered basis for a subspace (rather than a flag) of .

1.10.3 The Connection Between the Two g-Analogues

The order y (n,q) of GL(n, g) and the number f (n,q) of complete flags is related by

y.g) =4 (q - 1" f(n.q).

Can we find a simple combinatorial explanation? We would like to find a map
¥ GL(n,q) — F(n,q) satisfying #y 1 (F) = ¢®) (g — 1)" for all F € F(n,q).
The definition of v is quite simple: if A = [vy,...,v,]", then let ¥ (F) be the flag
{0)=VvoCcVicC---CV, =IFZ given by V; = span{vy,...,v;}. Given F, there are
g — 1 choices for vy, then g> — g choices for vy, then ¢> — g choices for v3, and
so on, showing that #w—l (F)= q(g) (g — 1)" as desired.

We have constructed maps GL(n,q) Lp) F(n,q) B S,,. Given w € G,;, let
I'y = v o~ (w). Thus,

GL(1,q) = Jwes, T (1.116)

the Bruhat decomposition of GL(n,q). (The Bruhat decomposition is usually
defined more abstractly and in greater generality than we have done.) It is
immediate from the formulas #Q,, = ¢"™®) and #y ! (F) = q(g) (g — )" that
#T, =@ (g —1)"¢™™ and

v =q¢Dg-1" Y gmw. (1.117)

weSy

Together with Corollary 1.3.13, equation (1.117) gives a second combinatorial
proof of Proposition 1.10.1.

Itis not difficult to give a concrete description of the “Bruhat cells” I'y,. Namely,
every element A of I, can be uniquely written in the form A = LM, where L is
a lower-triangular matrix in GL(n,q) and M is a w-reduced matrix. We omit the
straightforward proof.
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1.10.13 Example. (a) Every matrix A € GL(2,g) can be uniquely written in one

of the two forms
a O 1 0| |a O
b ¢ 01| | b ¢
a 0 a 1 | oa a
b ¢ 1 0| | ab+c b |’
where b,a €Fy, a,c € IF;; =F, —{0}.
(b) The cell I'3147 consists of all matrices of the form

a 0 0 OlJ[e B 1 O aa Ba a 0
b ¢ 0 Of|1 0 0 Of |ab+c Bb b 0
d e f 0|0 ¥ 0 1 ad+e Bd+yf d f|’
g h i jJLO 1 0 O ag+h Bg+vi+j g i

where b,d,e,g,h,i,a,B,y €F,anda,c, f,j GIFZ;.

The Bruhat decomposition (1.116) can be a useful tool for counting certain
subsets S of GL(n,q), by computing each #(SNT",) and summing overall w € G,,.
Proposition 1.10.15 illustrates this technique. First we need a simple enumerative
lemma.

1.10.14 Lemma. Fix q, and for any integer n > 0, let
an =#{(@1,....an) € F))" : Y 0 =0).
Then ag = 1, and a, = é((q — D"+ (g —D(=D" forn > 0.

Proof. Define b, =Y _ (})a. Since every sequence (a1, ..., a,) € 7 satisfying
> a; =0 can be obtained by first specifying n — k terms to be 0 in (Z) ways and
then specifying the remaining k terms in a; ways, we have

1, n=0
bnz{ qn—l, n>1.

There are many ways to see (e.g., equations (2.9) and (2.10)) that we can invert
this relationship between the a,,’s and b,,’s to obtain

an =y (-1 (’;)bk
k=0
1 n
=4 [Z(—l)""‘ (”)q" +( - 1)(—14
q k=0 k

1
=5((61—1)"+(61—1)(—1)”)~ U
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1.10.15 Proposition. Let GLy(n,q) = {A € GL(n,q) : tr(A) = 0}, where tr(A)
denotes the trace of A, and set yy(n,q) = #GLo(n,q). Then

1 n
w9 == (g +1"g-1g®).
q

Proof. Let id denote the identity permutation 1,2,...,n, so inv(id) = 0. We will
show that

#(GLo(n,q) NTy) = é#l"w, w #1id,
! " ®
#(GLon.q) i) = (#Tia+ (=1 (g ~ g @)

from which the proof follows since ), #I', =y (n,q).

Suppose that w # id. Let r be the least integer for which there exists an element
(r,s) € Dy,, where D,, denotes the diagram of w. It is easy to see that then (r,r) €
D,,. Consider a general element A = LM of Iy, so the entries L;; satisfy L;; € IE"Z,
Lij € Fq ifi > j,andL,-j =0ifi < ] Similarly, Mi,w(i) = 1,Ml‘j EFq lf(l,]) € Dy,
and M;; = 0 otherwise. Thus, A, will be a polynomial in the L;;’s and M;;’s with
aterm L, M,,. (In fact, it is not hard to see that A,, = L, M,,, though we don’t
need this stronger fact here.) There is no other occurrence of M, in a main diagonal
term of A. If we choose all the free entries of L and M except M, (subject to the
preceding conditions), then we can solve uniquely for M,, (since its coefficient is
L, # 0) so that tr(A) = 0. Thus, rather than g choices for M, for any A € T'y,
there is only one choice, so #(GLo(n,g) NT"y) = é#Fw as claimed.

Example. Consider the cell I'zj4o of Example 1.10.13(b). We have that
#(GLo(4,9) N I'3142) is the number of 13-tuples (a,...,j,o,B,y) such that
b,d,e,g,h,i,a,B,y €F,anda,c, f,j € F}, satisfying

aa+Bb+d+i=0. (1.118)

We have r = 1, so we can specify all 13 variables except « in ¢%(g — 1)* ways,
and then solve equation (1.118) uniquely for «. Hence #(GLy(4,q9) N T'3142) =
a*q-1D*= 5#13142.

Now let w =1id, so A = L. Hence, we can choose the elements of A below the
diagonal in q(g) ways, while the number of choices for the diagonal elements is
the number a,, of Lemma 1.10.14. Hence from Lemma 1.10.14 we get

#T=q@a,
ny 1
=q(2>;1<(q — 1) 4 (g — D(=1)",

and the proof follows. O
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Notes

It is not our intention here to trace the development of the basic ideas and results
of enumerative combinatorics. It is interesting to note, however, that according to
Heath [1.40, p. 319], a result of Xenocrates of Chalcedon (396-314 BCE) possibly
“represents the first attempt on record to solve a difficult problem in permutations
and combinations.” (See also Biggs [ 1.8, p. 113].) Moveover, Exercise 1.203 shows
that Hipparchus (c. 190—after 127 BCE) certainly was successful in solving such a
problem. We should also point out that the identity of Example 1.1.17 is perhaps
the oldest of all binomial coefficient identities. It is called by such names as the
Chu-Vandermonde identity or Vandermonde’s theorem, after Chu Shih-Chieh (Zhu
Shijié in Pinyin and 7 in simplified Chinese characters) (c. 1260—c. 1320) and
Alexandre-Théophile Vandermonde (1735-1796).

Two valuable sources for the history of enumeration are Biggs [1.8] and Stein
[1.71]. Knuth [1.49, §7.2.1.7] has written a fascinating history of the generation of
combinatorial objects (such as all permutations of a finite set). Later we will give
mostly references and comments not readily available in [1.8] and [1.71].

For further information on formal power series from a combinatorial viewpoint,
see, for example Niven [1.60] and Tutte [1.73]. A rigorous algebraic approach
appears in Bourbaki [1.12, Ch. IV, §5], and a further paper of interest is Bender
[1.5]. Wilf [1.76] is a nice introduction to generating functions at the undergraduate
level.

To illustrate the misconceptions (or at least infelicitous language) that can
arise in dealing with formal power series, we offer the following quotations
(anonymously) from the literature.

Since the sum of an infinite series is really not used, our viewpoint can be either rigorous
or formal.

(1.3) demonstrates the futility of seeking a generating function, even an exponential one,
for IU (n); for it is so big that

F)=Y_ 1Umz"/n!

fails to converge if z # 0. Any closed equation for F' therefore has no solutions, and when
manipulated by Taylor expansion, binomial theorem, etc., is bound to produce a heap of
eggs (single -0- or double -co-yolked). Try finding a generating function for 22,

Sometimes we have difficulties with convergence for some functions whose coefficients
a, grow too rapidly; then instead of the regular generating function we study the
exponential generating function.

An analyst might at least raise the point that the only general techniques available
for estimating the rate of growth of the coefficients of a power series require con-
vergence (so that e.g. the apparatus of complex variable theory is available). There
are, however, methods for estimating the coefficients of a divergent power series;
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see Bender [1.6, §5] and Odlyzko [1.61, §7]. For further information on estimat-
ing coefficients of power series, see for instance Flajolet and Sedgewick [1.22],
Odlyzko [1.61] and Pemantle and Wilson [1.63]. In particular, the asymptotic
formula (1.12), due to Moser and Wyman [1.57], appears in [1.61, (8.49)].

The technique of representing combinatorial objects such as permutations by
“models” such as words and trees has been extensively developed. A pioneer-
ing work in this area in the monograph [1.26] of Foata and Schiitzenberger.
In particular, the “transformation fondamentale” on pp. 13-15 of this refer-
ence is essentially our map w — w of Proposition 1.3.1. Note, however, that
this bijection was earlier used by Alfréd Rényi [1.67, §4] to prove Propo-
sition 1.3.1. The history of the generating function for the cycle indicator
of &, (Theorem 1.3.3) is discussed in the first paragraph of the Notes to
Chapter 5. The generating function for permutations by number of inversions
(Corollary 1.3.13) appears in Rodrigues [1.68] and Netto [1.58, p. 73]. The gen-
eralization to multisets (Proposition 1.7.1) is due to MacMahon [1.54, §1]. It
was rediscovered by Carlitz [1.16]. The second proof given here was suggested
by A. Bjorner and M. L. Wachs [1.9, §3]. The cellular decomposition of the
Grassmann variety (the basis for our second proof of Proposition 1.7.3) is discussed
by S. L. Kleiman and D. Laksov [1.46]. For some further historical information on
the results of Rodriques and MacMahon, see the book review by Johnson [1.44].
The major index of a permutation was first considered by MacMahon [1.53], who
used the term “greater index.” The terminology “major index” was introduced
by Foata [1.25] in honor of MacMahon, who was a major in the British army.
MacMahon’s main result on the major index is the equidistribution of inv(w) and
maj(w) for w € G,,. He gives the generating function (1.42) for maj(w) in [1.53,
§6] (where in fact w is a permutation of a multiset), and in [1.54] he shows the
equidistribution with inv(w). The bijective proof we have given here (proof of
Proposition 1.4.6) appears in seminal papers [1.23][1.24] of Foata, which helped
lay the groundwork for the modern theory of bijective proofs. The strengthening of
Foata’s result given by Corollary 1.4.9 is due to Foata and Schiitzenberger [1.28].

The investigation of the descent set and number of descents of a permutation (of
a set or multiset) was begun by MacMahon [1.52]. MacMahon apparently did not
realize that the number of permutations of [n] with k descents is an Eulerian num-
ber. The first written statement connecting Eulerian numbers with descents seems
to have been by Carlitz and Riordan [1.17]in 1953. The fundamental Lemma 1.4.11
is due to MacMahon [1.53, p. 287]. Eulerian numbers occur in some unexpected
contexts, such as cube slicing (Exercise 1.51), juggling sequences [1.15], and the
statistics of carrying in the standard algorithm for adding integers (Exercise 1.52).
MacMahon [1.55, vol. 1, p. 186] was also the first person to consider the excedance
of a permutation (though he did not give it a name) and showed the equidistribution
of the number of descents with the number of excedances (Proposition 1.4.3).

We will not attempt to survey the vast subject of representing permutations by
other combinatorial objects, but let us mention that an important generalization of
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the representation of permutations by plane trees is the paper of Cori [1.19]. The
first result on pattern avoidance seems to be the proof of MacMahon [1.55, §97]
that the number of 321-avoiding permutations w € G, is the Catalan number C,,.
MacMahon states his result not in terms of pattern avoidance, but rather in terms of
permutations that are a union of two decreasing sequences. MacMahon’s result was
rediscovered by J. M. Hammersley [1.38], who stated it without proof. Proofs were
later given by D. E. Knuth [1.48, §5.1.4] and D. Rotem [1.69]. For further infor-
mation on 321-avoiding and 132-avoiding permutations, see Exercise 6.19(ee,ff)
and the survey of Claesson and Kitaev [1.18]. For further information on pattern
avoidance in general, see Exercises 57-59, as well as books by M. Béna [1.11,
Chs. 4-5] and by S. Heubach and T. Mansour [1.42].

Alternating permutations were first considered by D. André [1.1], who obtained
the basic and elegant Proposition 1.6.1. (Note however that Ginsburg [1.34] asserts
without giving areference that Binet was aware before André that the coefficients of
secx count alternating permutations.) A combinatorial proof of Proposition 1.6.2
on flip equivalence is due to R. Donaghey [1.20]. Further information on the
connection between alternating permutations and increasing trees appears in a
paper of Kuznetsov, Pak, and Postnikov [1.51].

The cd-index &, (c,d) was first considered by Foata and Schiitzenberger [1.27],
who defined it in terms of certain permutations they called André permutations.
Their term for the cd-index was “non-commutative André polynomial.” Foata and
Strehl [1.29][1.30] further developed the theory of André polynomials, André per-
mutations, and their connection with permutation statistics. Meanwhile Jonathan
Fine [1.21] defined a noncommutative polynomial ® p(c,d) associated with cer-
tain partially ordered sets (posets) P. This polynomial was first systematically
investigated by Bayer and Klapper [1.4] and later by Stanley [1.70], who extended
the class of posets P which possessed a cd-index ®p(c,d) to Eulerian posets.
The basic theory of the cd-index of an Eulerian poset is covered in Section 3.17.
M. Purtill [1.65, Thm. 6.1] showed that the cd-index ®,, that we have defined is
just the cd-index ®p, (in the sense of Fine and Bayer-Klapper) of the boolean
algebra B,, (the poset of all subsets of [n], ordered by inclusion). The approach to
the cd-index @, given here, based on min-max trees, is due to G. Hetyei and
E. Reiner [1.41]. For some additional properties of min-max trees, see Bdna
[1.10]. Corollary 1.6.5 was first proved by Niven [1.59] by a complicated induc-
tion. De Bruijn [1.13] gave a simpler proof and extended it to Proposition 1.6.4.
A further proof is due to Viennot [1.75]. The proof we have given based on
the cd-index appears in Stanley [1.70, pp. 495-496]. For a generalization see
Exericse 3.55.

The theory of partitions of an integer originated in the work of Euler, if we ignore
some unpublished work of Leibniz that was either trival or wrong (see Knobloch
[1.47]). An excellent introduction to this subject is the text by Andrews [1.2]. For
a masterful survey of bijective proofs of partition identities, see Pak [1.62]. The
latter two references provide historical information on the results appearing in
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Section 1.8. The asymptotic formula (1.92) is due to Hardy and Ramanujan [1.39],
and the asymptotic series mentioned after equation (1.92) is due to Rademacher
[1.66]. More recently J. H. Bruinier and K. Ono,

(http://www.aimath.org/news/partition/brunier-ono),

have given an explicit finite formula for p(n). For an exposition of partition
asymptotics, see Andrews [1.2, Ch. 5].

The idea of the Twelvefold Way (Section 1.9) is due to G.-C. Rota (in a series of
lectures), while the terminology “Twelvefold Way” was suggested by Joel Spencer.
An extension of the Twelvefold Way to a “Thirtyfold Way” (and suggestion of
even more entries) is due to R. Proctor [1.64]. An interesting popular account of
Bell numbers appears in an article by M. Gardner [1.33]. In particular, pictorial
representations of the 52 partitions of a 5-element set are used as “chapter headings”
for all but the first and last chapters of certain editions of The Tale of Genji by
Lady Murasaki (c. 978—c. 1031 cE). A standard reference for the calculus of finite
difference is the text by C. Jordan [1.45].

The cycle indicator Z,(t;q) of GL(n,q) was first explicitly defined by Kung
[1.50]. The underlying algebra was known much earlier; for instance, according
to Green [1.35, p. 407] the basic Theorem 1.10.7 is due to P. Hall [1.36] and is a
simple consequence of earlier work of Frobenius (see Jacobson [1.43, Thm. 19,
p. 111]). Green himself sketches a proof on page 409, op. cit. Further work on
the cycle indicator of GL(n,q) was done by Stong [1.72] and Fulman [1.31]. A
nice survey of enumeration of matrices over IF;, was given by Morrison [1.56],
whom we have followed for Exercises 1.193-1.195. Our proof of Lemma 1.10.9
is equivalent to one given by P. Hall [1.37].

The cellular decomposition (1.115) of the flag variety F(n,q) and the Bruhat
decomposition (1.116) of GL(n, K) (for any field K) are standard topics in Lie
theory. See for instance Fulton and Harris [1.32, §23.4]. A complicated recursive
description of the number of matrices in GL(n,q) with trace 0 and a given rank r
was given by Buckheister [1.14]. Bender [1.7] used this recurrence to give a closed-
form formula. The proof we have given of the case k = 0 (Proposition 1.10.15)
based on Bruhat decomposition is new. For a generalization see Exercise 1.196.
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A Note About the Exercises
Each exercise is given a difficulty rating, as follows.

Routine, straightforward
Somewhat difficult or tricky
Difficult

Horrendously difficult
Unsolved

e

Further gradations are indicated by + and —. Thus, [1-] denotes an utterly trivial prob-
lem, and [5—] denotes an unsolved problem that has received little attention and may not be
too difficult. A rating of [2+] denotes about the hardest problem that could be reasonably
assigned to a class of graduate students. A few students may be capable of solving a [3—]
problem, whereas almost none could solve a [3] in a reasonable period of time. Of course
the ratings are subjective, and there is always the possibility of an overlooked simple proof
that would lower the rating. Some problems (seemingly) require results or techniques from
other branches of mathematics that are not usually associated with combinatorics. Here
the rating is less meaningful — it is based on an assessment of how likely the reader is to
discover for herself or himself the relevance of these outside techniques and results. An
asterisk after the difficulty rating indicates that no solution is provided.

Exercises for Chapter 1

1. [1-] Let S and T be disjoint one-element sets. Find the number of elements of their
union SUT.

2. [1+] We continue with a dozen simple numerical problems. Find as simple a solution
as possible.
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. How many subsets of the set [10] = {1,2,...,10} contain at least one odd integer?
. In how many ways can seven people be seated in a circle if two arrangements are

considered the same whenever each person has the same neighbors (not necessarily
on the same side)?

. How many permutations w : [6] — [6] satisfy w(1) # 27
. How many permutations of [6] have exactly two cycles (i.e., find ¢(6,2))?
. How many partitions of [6] have exactly three blocks (i.e., find S(6,3))?

There are four men and six women. Each man marries one of the women. In how
many ways can this be done?

. Ten people split up into five groups of two each. In how many ways can this be

done?

. How many compositions of 19 use only the parts 2 and 3?

In how many different ways can the letters of the word MISSISSIPPI be arranged
if the four S’s cannot appear consecutively?

How many sequences (aj,as,...,a)7) are there consisting of four 0’s and eight 1’s,
if no two consecutive terms are both 0’s?

. A box is filled with three blue socks, three red socks, and four chartreuse socks.

Eight socks are pulled out, one at a time. In how many ways can this be done?
(Socks of the same color are indistinguishable.)

How many functions f : [5] — [5] are at most two-to-one, that is, #f*' (n)<2
for all n € [5]?

Give combinatorial proofs of the following identities, where x, y,n,a,b are nonneg-
ative integers.

a.

b.

h.

" x4k x+n+1
(7))
g k n

[1+] Zk(”) —n2!

k=0 k

"2k [2(n—k)
()LL) -
gk n—k

e x+y+k y X _(x+a\(y+Db .
,[3_]g< . )(a—k)(b—k>_< b >( ) ),Wherem—mm(a,b)

)-()

[2-1) (-1 (Z) =0n>1
k=0

" /n\? 2 /n\ (2n—j :
. [2+] ( ) Xk = ()( )(x—l)J
; k go Jj n
k) j

=2 (V)0

i+j+k=n

[2]* Fix j,k € Z. Show that

n n

Q2n—j—k)x" _ X X
Z n—Nn—kn—j—kn! Zn!(n—j)! Zn!(n—k)!

n>0 n>0 n>0

Any term with (—7)! in the denominator, where r > 0, is set equal to 0.
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[2]* Show that

. ny ny X1 Xk
Z min(ay,...,n)x; X, =

(I=x) (I =x) (I = x1x2---x1) |

[3-]* Forn € Z let
(_l)kxn+2k

M=)

kel
where we set 1/j! =0 for j < 0. Show that

e =" L,Jy(2x),
n>0
where Lo=1,Ly =1,L, =3, L,41 = L, + L, for n > 2. (The numbers L, for
n > 1 are Lucas numbers.)

[2]* Let
x2 X"
T =3 f

n>0

Find a simple expression for Y7 (—1)"~(}) £ (i). (See equation (1.13).)

a. [2—] Show that
1 2n\ ,
—_— = x".
=z

n>0

b. [2-]Find 3, (% ")x".

Let f(m,n) be the number of paths from (0,0) to (m,n) € N x N, where each step is
of the form (1,0), (0,1), or (1,1).

a. [1+]* Show that 3, _ > o fm,m)a"y" = (1 —x —y —xy)~ L.

b. [3-] Find a simple explicit expression for Y, _, f(n,n)x".

[2+] Let f(n,r,s) denote the number of subsets S of [2n] consisting of » odd and s
even integers, with no two elements of S differing by 1. Give a bijective proof that

f(n,r,s) — (n;r) (n;s)‘

a. [2+] Let m,n € N. Interpret the integral

1
Bm+1,n+1) =/ u"(1—u)'du,
0

as a probability and evaluate it by combinatorial reasoning.

b. [3+]Letn € Pandr,s,t € N. Letx, yi,zx and a;; be indeterminates, with 1 <k <n
and 1 <i < j <n.Let M be the multiset with n occurrences of x, r occurrences of
each y, s occurrences of each z;, and 2 occurrences of each a;;. Let f(n,r,s,t)
be the number of permutations w of M such that (i) all y;’s appear before the kth
x (reading the x’s from left-to-right in w), (ii) all zx’s appear after the kth x, and
(iii) all a;;’s appear between the ith x and jth x. Show that

[(r+s+Dn+tnn—1)]
nlringtngin(26)1(2)

f(n,r,s,t)=

n

1 (r+ (=Dl + (= DOIGH!
(r+s+1+@m+j-2)n!

(1.119)
j=1

c¢. [3-] Consider the following chess position.
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R. Stanley
Suomen Tehtdvaniekat, 2005

7 7 7 4

Black is to make 14 consecutive moves, after which White checkmates Black in
one move. Black may not move into check, and may not check White (except
possibly on his last move). Black and White are cooperating to achieve the aim of
checkmate. (In chess problem parlance, this problem is called a serieshelpmate in
14.) How many different solutions are there?

[2+]* Choose n points on the circumference of a circle in “general position.” Draw
all (;) chords connecting two of the points. (“General position” means that no three
of these chords intersect in a point.) Into how many regions will the interior of the
circle be divided? Try to give an elegant proof avoiding induction, finite differences,
generating functions, summations, and the like.

[2] Let p be prime and a € P. Show combinatorially that a”? — a is divisible by p. (A

combinatorial proof would consist of exhibiting a set S with a” — a elements and a

partition of S into pairwise disjoint subsets, each with p elements.)

a. [2+] Let p be aprime, andletn =Y a; p' andm = Y_ b; p’ be the p-ary expansions
of the positive integers m and n. Show that

()= () G)-

b. [3-] Use (a) to determine when (") is odd. For what n is () odd for all 0 < m < n?
In general, how many coefficients of the polynomial (1 + x)" are odd?

c. [2+] It follows from (a), and is easy to show directly, that (ﬁ ¢) = (3) (mod p). Give
a combinatorial proof that in fact (I;Z) = (Z) (mod p?).

d. [3-] If p > 5, then show in fact

pay _ (a 3
(pb)_(b> (mod p7).

Is there a combinatorial proof?
e. [3-] Give a simple description of the largest power of p dividing ( )

n
m
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a. [2] How many coefficients of the polynomial (1 4 x 4 x2)" are not divisible by 3?

b. [3-] How many coefficients of the polynomial (1 4 x + x2)" are odd?
¢. [2+] How many coefficients of the polynomial [, <i<j<n (x; +x;) are odd?
[3-]*
. p—1
a. Let p be a prime, and let A be the matrix A = [(’ ;:k)] . taken over the field
k=

IF,,. Show that A’ =1, the identity matrix. (Note that A vanishes below the main
antidiagonal, i.e., Aj; =0if j+k > p.)
b. How many eigenvalues of A are equal to 1?

a. [1+]* Let m,n € N. Prove the identity ((Z)) = (( ';‘j'll ))
b. [2-] Give a combinatorial proof.

[2+]* Find a simple description of all n € IP with the following property: There exists
k € [n] such that (,",), (;). (,1,) are in arithmetic progression.

a. [24] Let ay,...,a, € N. Show that when we expand the product

n x; a;
(%)

i,j=1
i#]

as a Laurent polynomial in x,...,x, (i.e., negative exponents allowed), then the
constant term is the multinomial coefficient (‘1 ).

5o dan
Hint: First prove the identity
n X —1
1= 1-=) . 1.120
I1(-3) oD
b. [2-] Put n = 3 to deduce the identity
za:( l)k a+b\(b+c\[(c+a _ a+b+c
=, a+k)\b+k)\c+k) \ abec )
(Set ('l") =0if i < 0.) Note that if we specialize a = b = c, then we obtain
a f2a 3 3a
2V ) = :
k a,a,a
k=0
c. [3+] Let g be an additional indeterminate. Show that when we expand the product

l_[ <l—qﬁ> (1 _q2ﬁ>...(1_q”iﬁ>
Xj Xj Xj

I<i<j<k
.(1_ﬁ> <l_qﬁ>...(1_qu_f—lﬁ) (1.121)
X Xi Xi
as a Laurent polynomial in xy,...,x, (Whose coefficients are now polynomials in

a1+---+an).

q), then the constant term is the g-multinomial coefficient ( a1t

d. [3+] Let k € P. When the product

I [0-5)0-2)e-s(-5)]

I<i<j<n
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is expanded as earlier, show that the constant term is

k\ (3k\ (5k (2n —3)k (n—1Dk
k) \ k k k k '
e. [3-] Let f(ai,az,...,a,) denote the constant term of the Laurent polynomial
l_[(q—ai 4gt! +...+q“i),
i=1

where each a; € N. Show that
a
Z f(al,“.,an)xll...x;ln

X!

n
={+x)-(I+x,) : .
n ; (1 _xl?)]‘[#i(xi —x;)(1 —x;x;)
[2]* How many m x n matrices of 0’s and 1’s are there, such that every row and
column contains an even number of 1’s? An odd number of 1’s?

[2]* Fix n € IP. In how many ways (as a function of n) can one choose a composition o
of n, and then choose a composition of each part of «? (Give an elegant combinatorial
proof.)

a. [2] Find the number of compositions of n > 1 with an even number of even parts.
Naturally a combinatorial proof is preferred.

b. [2+] Let e(n),0(n), and k(n) denote, respectively, the number of partitions of n
with an even number of even parts, with an odd number of even parts, and that
are self-conjugate. Show that e(n) — o(n) = k(n). Is there a simple combinatorial
proof?

[2] Give a simple “balls into boxes” proof that the total number of parts of all com-
positions of n is equal to (n + 1)2"~2. (The simplest argument expresses the answer
as a sum of two terms.)

[2+] Let 1 < k < n. Give a combinatorial proof that among all 2"~ compositions of
n, the part k occurs a total of (n —k + 3)2"~%=2 times. For instance, if n =4 and k = 2,
then the part 2 appears once in2+1+1,14+2+1, 1+ 1+ 2, and twice in 2 + 2, for
a total of five times.

[2+] Let n — r = 2k. Show that the number f (n,r,s) of compositions of n with r odd
parts and s even parts is given by (") (! f::{) Give a generating function proof and
a bijective proof.

[2]* Let c(m,n) denote the number of compositions of n with largest part at most m.
Show that

- 1—x
2 e = gy

n>0

[2+] Find a simple explicit formula for the number of compositions of 2n with largest
part exactly n.

[2]* Let k (n, j,k) be the number of weak compositions of n into k parts, each part
less than j. Give a generating function proof that

k —1\ [k
s £ er( (),

r+sj=n

where the sum is over all pairs (r,s) € N? satisfying r +s5j = n.
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[2]* Fix k,n € IP. Show that
Z n+k—1
ar---ap = ,
T 2k—1
where the sum ranges over all compositions (ay,...,ax) of n into k parts.

[2] Fix 1 <k < n. How many integer sequences 1 <a; <ay < --- < a; < n satisfy
a; =i (mod?2) forall i?

[2+]

a. Let #N = n, #X = x. Find a simple explicit expression for the number of ways
of choosing a function f : N — X and then linearly ordering each block of the
coimage of f. (The elements of N and X are assumed to be distinguishable.)

b. How many ways as in (a) are there if f must be surjective? (Give a simple explicit
answer.)

c. How many ways as in (a) are there if the elements of X are indistinguishable?
(Express your answer as a finite sum.)

[2] Fix positive integers n and k. Let #S = n. Find the number of k-tuples
(T, Ts,...,Ty) of subsets T; of S subject to each of the following conditions sep-
arately, that is, the three parts are independent problems (all with the same general
method of solution).

anchc---CT;.

b. The T;’s are pairwise disjoint.

C. T1UT2U~-UT](=S.

a. [2-]* Let k,n > 1. Find the number of sequences @ = Sy, S1,. .., Sk of subsets of
[n] if for all 1 <i < k we have either (i) S;—_; C S; and |S; — S;_|| = 1, or (ii)
S;CSi—yand |Si—; —Si|=1.

b. [2+]* Suppose that we add the additional condition that S; = (. Show that now the
number f;(n) of sequences is given by

n

1
fm =53 (?)(” — 20,

i=0
Note that fi (n) =0 if k is odd.

[2] Fix n, j,k € P. How many integer sequences are there of the form 1 <a; <a; <
--e<ap <n,wherea;; ) —a; > jforalll <i<k-—1?

The Fibonacci numbers are defined by F\ =1, F, =1, F, = F,_ + F,— if n > 3.

Express the following numbers in terms of the Fibonacci numbers.

a. [2—] The number of subsets S of the set [n] = {1,2,...,n} such that S contains no
two consecutive integers.

. [2] The number of compositions of n into parts greater than 1.

. [2—] The number of compositions of » into parts equal to 1 or 2.

. [2] The number of compositions of n into odd parts.

. [2] The number of sequences (&1,¢2,...,&,) of 0’'sand 1’s such that e] <¢&r > g3 <
E4 =85,
[2+] > ajaz - - - ax, where the sum is over all on-l1 compositions a; +az +--- +
ap=n.

241 (2917 = 1) -+ (2% — 1), summed over the same set as in (f).

. [2+] 3" 2#i:ai=1} summed over the same set as (f).
[2+] (= D134 4 1)+ (5%~ 4-1), summed over the same set as (f).
[2+]* The number of sequences (§1,82,...,8,) of 0’s, 1’s, and 2’s such that 0 is
never immediately followed by 1.

™ [CI - -

S xR



110

36.

37.

38.

39.

40.

41.

42,

43.

4.

45.

What Is Enumerative Combinatorics?

k. [2+] The number of distinct terms of the polynomial
n
Po=] ] +x+x50).
j=1
For instance, setting x; =a, x, =b, x3 =c,wehave P, =14+a+2b+c+ab+
b* 4 ac + bc, which has eight distinct terms.

[2] Fix k,n € P. Find a simple expression involving Fibonacci numbers for the number
of sequences (71, T>,...,Ty) of subsets T; of [n] such that

NHEho2Belu2:--.

[2] Show that

n

Foit :Z(”Z’j (1.122)

k=0

[2]* Show that the number of permutations w € S, fixed by the fundamental trans-

formation S, 4 &, of Proposition 1.3.1 (i.e., w = w) is the Fibonacci number
Fn+l~

[2+] Show that the number of ordered pairs (S, T') of subsets of [n] satisfying s > #T
forall s € Sand ¢ > #S for all t € T is equal to the Fibonacci number F»,».

[2]* Suppose that n points are arranged on a circle. Show that the number of subsets
of these points containing no two that are consecutive is the Lucas number L,,. This
result shows that the Lucas number L, may be regarded as a “circular analogue”
of the Fibonacci number F,i, (via Exercise 1.35(a)). For further explication, see
Example 4.7.16.

a. [2] Let f(n) be the number of ways to choose a subset S C [n] and a permutation
w € G, such that w(i) & S whenever i € S. Show that f(n) = F,4n!.

b. [2+] Suppose that in (a) we require w to be an n-cycle. Show that the number of
ways is now g(n) = L, (n — 1)!, where L,, is a Lucas number.

[3] Let
Foy=[Ja-x") = -0 -x)HA-x)A =) (1 —x*)-
n=>2
S TV S SURL SR SRS | S ¢S S LTI TR
Show that every coefficient of F(x) is equal to —1,0, or 1.

[2-] Using only the combinatorial definitions of the Stirling numbers S(n,k) and
c(n,k), give formulas for S(n, 1), S(n,2), S(n,n), S(n,n—1), S(n,n —2) and c(n, 1),
c(n,2), c(n,n), c(n,n — 1), c(n,n — 2). For the case c(n,2), express your answer in
terms of the harmonic number H,, =1 + % + % +-+ % for suitable m.

a. [2]* Show that the total number of cycles of all even permutations of [n] and the
total number of cycles of all odd permutations of [n] differ by (—1)" (n — 2)!. Use
generating functions.

b. [3-]* Give a bijective proof.

[2+] Let S(n,k) denote a Stirling number of the second kind. The generating function
>, S k)x" = x*/(1 = x)(1 =2x)--- (1 — kx) implies the identity

S(n k=Y 147122t g (1.123)
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the sum being over all compositions aj + - - - + ax = n. Give a combinatorial proof
of (1.123) analogous to the second proof of Proposition 1.3.7. That is, we want to
associate with each partition 7 of [1] into k blocks a compositiona; +- - - +a; = n such
that exactly 19171292~ 1... k%1 partitions 7 are associated with this composition.

a. [2] Let n,k € P, and let j = |k/2]. Let S(n,k) denote a Stirling number of the
second kind. Give a generating function proof that

n—j—1
S(n,k) = < n—k )(modZ).

b. [3-] Give a combinatorial proof.
c. [2] State and prove an analogous result for Stirling numbers of the first kind.

Let D be the operator %.
a. [2]* Show that (x D)" = Y "{_, S(n,k)x* D*.
b. [2]* Show that

X"D"=xD(xD—1)(xD—2)---(xD—n+1)=Y sk (xD)".
k=0

¢. [2+]* Find the coefficients a,; ; in the expansion

(@ +D)' = ay;;x' D
ij
a. [3] Let P(x) =ap+a1x +---+a,x", a; >0, be a polynomial all of whose zeros
are negative real numbers. Regard a; / P (1) as the probability of choosing k, so we
have a probability distribution on [0,n]. Let u = ﬁ > i kar = P'(1)/P(1), the
mean of the distribution; and let m be the mode (i.e., a,, = max; a;). Show that

ljw—m| < 1.
More precisely, show that

m=k, ifk<p<k+ s,
m=k, ork+1, orboth, ifk+ s <p<k+1—-—.
m=k+1, ifk+1— o <p<k+l

b. [2] Fix n. Show that the signless Stirling number c(n,k) is maximized at k =
I4+34+3+-+1lork=[1+45+5+-+ 1] In particular, k ~ log(n).

c. [3] Let S(n,k) denote a Stirling number of the second kind, and define K, by
S(n,K,) > S(n,k) for all k. Let ¢ be the solution of the equation e’ = n. Show that
for sufficiently large n (and probably all n), either K,, +1 = |¢'] or K, + 1 = [e'].

a. [2+4] Deduce from equation (1.38) that all the (complex) zeros of A, (x) are real
and simple. (Use Rolle’s theorem.)

b. [2-]* Deduce from Exercise 1.133(b) that the polynomial Zzzl k!S(n,k)x* has
only real zeros.

A sequence « = (ag,day, .. .,a,) of real numbers is unimodal if for some 0 < j <n we
haveay <a; <---<a;>ajy1>aj42>--->ay,,andis log-concave ifai2 >a;_10i+1
for 1 <i <n—1. We also say that @ has no internal zeros if there does not exist
i<j<kwitha; #0,a; =0, a; #0, and that « is symmetric if a; = a,,_; for all i.
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Define a polynomial P(x) =) a;x’ to be unimodal, log-concave, and so on, if the

sequence (ag,ay,...,a,) of coefficients has that property.

a. [2-]* Show that a log-concave sequence of nonnegative real numbers with no
internal zeros is unimodal.

b. [2+] Let P(x) = Y7 ga;x' =Y (})bix’ € R[x]. Show that if all the zeros of
P (x) are real, then the sequence (bg,by,...,b,) is log-concave. (When all ¢; > 0,
this statement is stronger than the assertion that (ag,ai,...,a,) is log-concave.)

¢ [24] Let P(x) =Y 1" ya;x" and Q(x) = >_,b;x' be symmetric, unimodal, and
have nonnegative coefficients. Show that the same is true for P (x)Q(x).

d. [2+] Let P(x) and Q(x) be log-concave with no internal zeros and nonnegative
coefficients. Show that the same is true for P(x) Q(x).

e. [2] Show that the polynomials }_,, ., 9™ and }°, o ™ are symmetric
and unimodal.

f. 4-]Lletl <p<n-—1.Givenw=a;---a, €S,, define

des,(w) =#{(i,j) :i < j<i+p,a >a;}

Thus des; = des and des,,—; = inv. Show that the polynomial ), .o xdesp) g
symmetric and unimodal.

g. [2+] Let Sbeasubsetof {(i,j) : 1 <i < j <n}.An S-inversionof w=a;---a, €
S, is a pair (i, j) € S for which a; > a;. Let invg(w) denote the number of S-
inversions of w. Find a set S (for a suitable value of n) for which the polynomial
Ps(x):=),cs, xvs®) i not unimodal.

[3-] Let k,n € P with k <n. Let V(n,k) denote the volume of the region R, in R”
defined by

O0<x;<l,forl<i=<n

k—1<x14+x24--+x, <k.
Show that V (n,k) = A(n,k)/n!, where A(n,k) is an Eulerian number.

[3—] Fix b > 2. Choose n random N-digit integers in base b (allowing intial digits
equal to 0). Add these integers using the usual addition algorithm. For0 < j <n —1,
let f(j) be the number of times that we carry j in the addition process. For instance,
if we add 71801, 80914, and 62688 in base 10, then f(0) =1 and f(1) = f(2) =2.
Show that as N — oo, the expected value of f(j)/N (i.e., the expected proportion
of the time we carry a j) approaches A(n,j + 1)/n!, where A(n,k) is an Eulerian
number.

a. [2]* The Eulerian Catalan number is defined by EC, = AQ2n+1,n+1)/(n+1).
The first few Eulerian Catalan numbers, beginning with ECy =1, are 1, 2,22, 604,
31238. Show that EC,, =2A(2n,n + 1), whence EC, € Z.

b. [3-]* Show that EC, is the number of permutations w = ajaz---az,+1 with n
descents, such that every left factor aja;---a; has at least as many ascents as
descents. For n = 1 we are counting the two permutations 132 and 231.

[2]* How many n-element multisets on [2m] are there satisfying: (i) 1,2,...,m appear
at most once each, and (ii) m + 1,m +2,...,2m appear an even number of times each?

2-1* If w=ajay---a, € G, then let w" = a, ---aza,, the reverse of w. Express
inv(w"), maj(w"), and des(w") in terms of inv(w), maj(w), and des(w), respectively.

[2+] Let M be a finite multiset on P. Generalize equation (1.41) by showing that

Z qinv(w): Z qmaj(w)’

wes yy wes yy
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where inv(w) and maj(w) are defined in Section 1.7. Try to give a proof based on
results in Section 1.4 rather than generalizing the proof of (1.41).

[2+] Let w = wjwy - - - w, € S,. Show that the following conditions are equivalent.

(i) Let C(i) be the set of indices j of the columns C; that intersect the ith row
of the diagram D(w) of w. For instance, if w = 314652 as in Figure 1.5, then
C(1)={1,2}, CQ3) = {2}, C(4) ={2,5}, C(5) = {2}, and all other C(i) = 0.
Then for every i, j, either C(i) € C(j) or C(j) € C(i).

(ii) Let A(w) be the entries of the inversion table /(w) of w written in decreas-
ing order. For instance, 1(52413) = (3,1,2,1,0) and 1(52413) = (3,2,1,1,0).
Regard X as a partition of inv(w). Then A (w™!) = A(w)’, the conjugate partition
to A(w).

(iii) The permutation w is 2143-avoiding (i.e., there do not exist a < b < ¢ < d for
which w, < w, < wy < w,).

For u € &y, let s, (n) = #S,(n), the number of permutations w € &,, avoiding u. If

also v € Gy, then write u ~ v if s, (n) = 5,,(n) for all n > 0 (an obvious equivalence

relation). Thus by the discussion preceding Proposition 1.5.1, u ~ v forallu,v € 3.

a. [2]* Let u,v € S;. Suppose that the permutation matrix P, can be obtained from
P, by one of the eight dihedral symmetries of the square. For instance, P,—; and
be obtained from P, by reflection in the main diagonal. Show that u ~ v. We then
say that u and v are equivalent by symmetry, denoted u ~ v. Thus ~ is a finer
equivalence relation than ~. What are the & equivalence classes for G3?

b. [3] Show that there are exactly three ~ equivalence classes for G4. The equiva-
lenceclasses are given by {1234,1243,2143,...},{3142,1342,...},and {1342,...},
where the omitted permutations are obtained by ~ equivalence.

[3] Let s,(n) have the meaning of the previous exercise. Show that ¢, :=
1im,,_ o0 S, (1) /" exists and satisfies 1 < ¢, < oo.

[2+] Define two permutations in G,, to be equivalent if one can be obtained from
the other by interchanging adjacent letters that differ by at least two, an obvious
equivalence relation. For instance, when n = 3 we have the four equivalence classes
{123},{132,312}, {213,231}, {321}. Describe the equivalence classes in terms of more
familiar objects. How many equivalence classes are there?

a. [3—-] Let w =w; ---w,. Let

n
) LN v(w) ppw)—1 ) 7 f w) X
F(xia.be,dy=>_ > a"™b cWaltn =,

n>1weSy
where v(w) denotes the number of valleys w; of w for 1 <i <n (where wy =
wp+1 = 0 as preceding Proposition 1.5.3), p(w) the number of peaks, r(w) the
number of double rises, and f(w) the number of double falls. For instance, if
w = 32451, then 3 is a peak, 2 is a valley, 4 is a double rise, 5 is a peak, and 1 is a
double fall. Thus,
x? x3
Fesab,e.d) =x+(c+d) 7 + (+d* +2ab+2ed) 3
4
(3 +d3 +3cd® +3¢d + 8abe + Sabd)% +-.

Show that

VY — pltX

F(x;a,b,c,d) = (1.124)

veux — yevx’

where uv =ab and u +v = c+d. In other words, u and v are zeros of the polynomial
72 — (c +d)z + ab; it makes no difference which zero we call u and which v.
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b. [2-] Let r(n, k) be the number of permutations w € G,, with k peaks. Show that

(X" I4utan(xu)
303 kot B T (1.125)
n>0 k>0 u

where u =/t — 1.

¢. [24+]Aproper double fall or proper double descent of a permutationw =ajasz - - a,
is an index 1 < i < n for which g;_| > a; > a;4+,. (Compare with the definition
of a double fall or double descent, where we also allow i = 1 and i = n with the
convention gy = a,+] = 0.) Let f(n) be the number of permutations w € &,, with
no proper double descents. Show that

x" 1
D=

—~ x3j x3j+1
) ;0(61)! - (3j+1>!)

(1.126)

2 3 4 5 6

X X X X X
=14x+25 5 + 17 +705 +349—

2173 41 5! 6!
X7 XS
+2017 + 133587+

In this exercise we consider one method for generalizing the disjoint cycle decom-
position of permutations of sets to multisets. A multiset cycle of PP is a sequence
C = (iy,i,...,ix) of positive integers with repetitions allowed, where we regard
(i1,i2,...,ix) as equivalent to (ij,iji1,...,ik,i1,...,ij—1) for 1 < j < k. Introduce
indeterminates x1,x2, . .., and define the weight of C by w(C) = x;, -+ x;,. Amultiset
permutation or multipermutation of a multiset M is a multiset of multiset cycles, such
that M is the multiset of all elements of the cycles. For instance, the multiset {1, 1,2} has
the following four multipermutations: (1)(1)(2), (11)(2), (12)(1), (112). The weight
w(7r) of a multipermutation w7 = C;C;---C; is given by w(mw) = w(Cy) ---w(C}).

a. [2-]* Show that

[Ja-wen™=> we,
C b d

where C ranges over all multiset cycles on P and 7 over all (finite) multiset
permutations on PP.
b. [2+] Let px :x’l‘ —}-xéc + ---. Show that

[Ja-wen=[]a-po™"
C

k>1

c. [14] Let fi(n) denote the number of multiset permutations on [k] of total size
n. For instance, f>(3) = 14, given by (1)(1)(1), ()(1)(2), (D(2)(2), 2)(2)(2),
(IDH(D), (1D)(2), (12)(1), (12)(2), 22)(1), (22)(2), (111), (112), (122), (222).

Deduce from (b) that
=T —kxy~
n>0 i>1
d. [3-] Find a direct combinatorial proof of (b) or (c).

a. [2-] We are given n square envelopes of different sizes. In how many different
ways can they be arranged by inclusion? For instance, if n = 3 there are six ways;
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namely, label the envelopes A, B, C with A the largest and C the smallest, and let
I € J mean that envelope / is contained in envelope J. Then the six ways are: (1)
#,2)BecA,(3)CeA,(4)CeB,(5)BcA,CeA,(6)CeBeA.

b. [2] How many arrangements have exactly k envelopes that are not contained in
another envelope? That don’t contain another envelope?

a. [2] Let f(n) be the number of sequences ay,...,a, of positive integers such that
for each k > 1, k only occurs if k — 1 occurs before the last occurrence of k. Show
that f(n) =n!. (For n = 3 the sequences are 111, 112, 121, 122, 212, 123.)

b. [2] Show that A(n,k) of these sequences satisfy max{ay,...,a,} =k.

[3] Let y =[],=; (1 —x")~". Show that

4y3y// +5xy3y/// +x2y3y(iv) _ 16y2y/2 _ 15xy2y/y// +2Ox2y2y/y///
—19x2y2y"? +10xyy" + 12x2yy?y" + 6x2y"* = 0. (1.127)

[2-1* Let pi(n) denote the number of partitions of n into k parts. Give a bijective
proof that

po(m) + p1(n) + -+ pp(n) = pr(n+ k).

[2-]* Express the number of partitions of n with no part equal to 1 in terms of values
p(k) of the partition function.

[2]* Letn > 1, and let f (n) be the number of partitions of n such that for all k, the part
k occurs at most k times. Let g(n) be the number of partitions of n such that no part
has the form i (i 4+ 1) (i.e., no parts equal to 2,6,12,20,...). Show that f(n) = g(n).

[2]* Let f(n) denote the number of self-conjugate partitions of n all of whose parts
are even. Express the generating function ), ., f(n)x" as a simple product.

a. [2] Find a bijection between partitions A - n of rank r and integer arrays

ay ap -eeay
A*=< by by - b )
suchthata; >ay > - >a,>0,by >by>--->b,>0,and r+ ) (a; +b;) =n.
b. [2+] A concatenated spiral self-avoiding walk (CSSAW) on the square lattice is a
lattice path in the plane starting at (0,0), with steps (£1,0) and (0,=£1) and first
step (1,0), with the following three properties: (i) the path is self-avoiding (i.e,
it never returns to a previously visited lattice point), (ii) every step after the first
must continue in the direction of the previous step or turn right, and (iii) at the
end of the walk it must be possible to turn right and walk infinitely many steps in
the direction faced without intersecting an earlier part of the path. For instance,
writing N = (0, 1), etc., the five CSSAW’s of length four are NNNN, NNNE,
NNEE, NEEE, and NESS. Note for instance that NEES is not a CSSAW
since continuing with steps WW W - .. will intersect (0,0). Show that the number
of CSSAW’s of length 7 is equal to p(n), the number of partitions of 7.

[2+] How many pairs (A, ) of partitions of integers are there such that A - n, and
the Young diagram of u is obtained from the Young diagram of A by adding a single
square? Express your answer in terms of the partition function values p (k) for k <n.
Give a simple combinatorial proof.
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72. a. [3-]LetA=(A1,A,...)and u = (w1, U2,...) be partitions. Define p < Aif u; <X;
for all i. Show that

3 gl = ! .
(1= =gH*(1 =g (1 —gH?--

H=<A

(1.128)

b. [3-] Show that the number of pairs (X, ) such that A and u have distinct parts,
@ < Xasin (a), and |A| + || = n, is equal to p(n), the number of partitions of
n. For instance, when n = 5 we have the seven pairs (4,5), (4,41), (4,32), (1,4),
2,3), (1,31), and (2,21).

73. [2] Let X be a partition. Show that

)3 Miot ]| _ [ M5y
2 2 ’

i i

Z A2i—1 _ L&l
2 20

i - i

74. [2] Let p(n) denote the number of partitions of » into k parts. Fix ¢t > 0. Show that as
n — 00, p,—;(n) becomes eventually constant. What is this constant f(¢)? What is the
least value of n for which p,_,(n) = f(¢)? Your arguments should be combinatorial.

75. [2-] Let pr(n) be as in Exercise 1.74, and let g4 (n) be the number of partitions of n
into k distinct parts. For example, g3(8) = 2, corresponding to (5,2,1) and (4,3,1).

Give a simple combinatorial proof that g (n + (g)) = pr(n).

76. [2] Prove the partition identity

K2k
]_[(1+qx2f—1)=z(l_ * 4q (1.129)

DNl —aD (=22
i = )AL =x%) (1 —x)

77. [3-] Give a “subtraction-free” bijective proof of the pentagonal number formula by
proving directly the identity
Y oad (xn(Snfl)/Z +xn(3n+l)/2) _ 1+Y, e (xn(3n71)/2 +xn(3n+l)/2)

1+ - -
[Tjz1(1=x%) [, (1—x))

78. a. [2] Thelogarithmic derivative of apower series F (x) is % log F(x)=F'(x)/F(x).
By logarithmically differentiating the power series ) ., p(m)x" = [];o (1 —
x')~1, derive the recurrence

n-pm) =Yy o@)pn-—i),

i=1

where o (i) is the sum of the divisors of i.
b. [2+] Give a combinatorial proof.
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a. [24] Givenaset S C P, let ps(n) (resp. gs(n)) denote the number of partitions of n
(resp. number of partitions of z into distinct parts) whose parts belong to S. (These
are special cases of the function p(S,n) of Corollary 1.8.2.) Call a pair (S,7),
where S,T C P, an Euler pair if ps(n) = g (n) for all n € N. Show that (S, T) is
an Euler pair if and only if 27 € 7 (where 27 ={2i : i € T})and S =T —2T.

b. [14] What is the significance of the case S = {1}, T ={1,2,4,8,...}?

[2+] If A is a partition of an integer n, let f; (1) be the number of times k appears as a
part of A, and let g (1) be the number of distinct parts of A that occur at least k times.
For example, f2(4,2,2,2,1,1) =3 and g>(4,2,2,2,1,1) = 2. Show that }_ fy (1) =
> gk (1), where k € P is fixed and both sums range over all partitions A of a fixed
integer n € P.

[2+] A perfect partition of n > 1 is a partition A - n which “contains” precisely one
partition of each positive integer m < n. In other words, regarding A as the multiset
of its parts, for each m < n there is a unique submultiset of A whose parts sum to
m. Show that the number of perfect partitions of #n is equal to the number of ordered
factorizations (with any number of factors) of n + 1 into integers > 2.

Example. The perfect partitions of S are (1,1,1,1,1), (3,1,1),and (2,2, 1). The ordered
factorizations of 6 are 6 =2-3=3.2.

[3] Show that the number of partitions of 5n + 4 is divisible by 5.
[3-] Let A = (A1, A2,...) Fn. Define

a(V) =Y [hi1/2],

1

B = rai1/2],
Yy =) /21,
S =Y Lhai/2].

Let a,b,c,d be (commuting) indeterminates, and define

wl) = a®PpBR) ¥ ) g8 ()

For instance, if A = (5,4,4,3,2), then w(}) is the product of the entries of the diagram

a b a b a
c d ¢ d

a b a b

c d c

a b

Show that

il e
Zw()\):l—[(] A4+a’b/=c/d’7 YA +a’b/c/d! ™) (1.130)

— T Ty
»ePar j>1 a'bicld (1 —a/blc/=1dI=1Y(1 —albi=1cid/~1)
where Par denotes the set of all partitions A of all integers n > 0.

[2]* Show that the number of partitions of » in which each part appears exactly 2, 3,
or 5 times is equal to the number of partitions of n into parts congruent to £2, 43,
6 (mod 12).
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[2+]* Prove that the number of partitions of n in which no part appears exactly once
equals the number of partitions of n into parts not congruent to =1 (mod 6).

[3] Prove that the number of partitions of n into parts congruent to 1 or 5(mod6)
equals the number of partitions of n in which the difference between all parts is at
least 3 and between multiples of 3 is at least 6.

[3-]* Let Ag(n) be the number of partitions of »n into odd parts (repetition allowed)
such that exactly k distinct parts occur. For instance, when n = 35 and k£ = 3, one
of the partitions being enumerated is (9,9,5,3,3,3,3). Let By(n) be the number
of partitions A = (Aj,...,A,) of n such that the sequence Aj,...,A, is composed
of exactly k noncontiguous sequences of one or more consecutive integers. For
instance, when n = 44 and k = 3, one of the partitions being enumerated is
(10,9,8,7,5,3,2), which is composed of 10,9,8,7 and 5 and 3,2. Show that A;(n) =
By (n) for all k and n. Note that summing over all k gives Proposition 1.8.5 (i.e.,
Podd(n) =g (n)).

a. [3] Prove the identities

2

x" 1
g 1—x)1—x2)---(1—x") l_[(l _ xSkt —x5k+4)’
k=0
xn(n+1) |
g 1—x)(1=x2)---(1—x") l—[(] — xkH2) (] —x5k+3)'
k>0

b. [2] Show that the identities in (a) are equivalent to the following combinatorial
statements:
e The number of partitions of n into parts = =1 (mod 5) is equal to the number of
partitions of n whose parts differ by at least 2.
e The number of partitions of n into parts = +2 (mod 5) is equal to the number of
partitions of n whose parts differ by at least 2 and for which 1 is not a part.
c. [2]* Let f(n) be the number of partitions A -n satisfying (1) =rank(A). Show
that f(n) is equal to the number of partitions of n whose parts differ by at
least 2.

[3]1 A lecture hall partition of length k is a partition A = (A1,...,A;) (some of whose
parts may be 0) satisfying

Ak

i <)Ll
1

0< < E < ... —
- -2 T Tk

Show that the number of lecture hall partitions of n of length & is equal to the number
of partitions of n whose parts come from the set 1,3,5,...,2k — 1 (with repetitions

allowed).

[3] Let f(n) be the number of partitions of n all of whose parts are Lucas numbers
Ly,+1 of odd index. For instance, f(12) =5, corresponding to

| INE [RE IR R N S N S O |
G414 14+T14+14+14+1+141
44441414141

44444

1141
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Let g(n) be the number of partitions A = (Aj,X2,...) such that X; /A; 4| > %(3 +4/5)
whenever 1;4; > 0. For instance, g(12) = 5, corresponding to

12, 11+1, 10+2, 943, 8+3+1.

Show that f(n) = g(n) foralln > 1.
a. [3-] Show that

2 —
anqn :l_[(lquk)(lerqZk I)(1+X Iq2k I)

nez k>1

b. [2] Deduce from (a) the Pentagonal Number Formula (Proposition 1.8.7).
c. [2] Deduce from (a) the two identities

l_[1+ - Z( g™ (1.131)

k=1 nez

]_[ 2k =330, (1.132)

k>1 n>0

d. [2+4] Deduce from (a) the identity
l_[(l . qk)3 _ Z(—l)"(Zn + l)qn(il+l)/2.
k>1 n>0

—1/2 172

Hint. First substitute —xq for x and ¢ '/~ for q.

[3]Let S € Pandlet p(S,n) denote the number of partitions of n whose parts belong
to S. Let

S={n:noddorn==+4,+6,£8,+10(mod32)},
7T ={n:noddorn==4248,+12,+14 (mod 32)}.

Show that p(S,n) = p(7,n— 1) for all n > 1. Equivalently, we have the remarkable
identity

]_[ (1.133)
nES neT
[3] Let
S =+{1,4,5,6,7,9,11,13,16,21,23,28 (mod 66)},
T =+{1,4,5,6,7,9,11,14,16,17,27,29 (mod 66)},
where

+{a,b,...(modm)}:={ne€P:n==a,xb,... (modm)}.

Show that p(S,n) = p(T,n) foralln > 1 except n = 13. Equivalently, we have another
remarkable identity similar to equation (1.133):

13

neS neT
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a. [3-] Let n > 0. Show that the following numbers are equal.
o The number of solutions ton = Y ;. 5a;2’, where @; =0, 1, or 2.
Then number of odd integers k for which the Stirling number S(n + 1,k) is odd.
The number of odd binomial coefficients of the form (";k), 0<k<n.
The number of ways to write b, as a sum of distinct Fibonacci numbers F),,

where
1_[(1+xF2i)=be", byo<by<---.

i=0 n>0

b. [2-] Denote by a,+; the number being counted by (a), so (aj,as,...,aj0) =
(1,1,2,1,3,2,3,1,4,3). Deduce from (a) that

i i+1
Zanﬂx”:l—[(l—{—le —|—x2l ).

n>0 i>0

c¢. [2] Deduce from (a) that ay, = a, and az,+1 = a, + a+1.
d. [3-] Show that every positive rational number can be written in exactly one way
as a fraction a,, /a,+1.

[3] At time n = 1 place a line segment (toothpick) of length one on the xy-plane,
centered at (0,0) and parallel to the y-axis. At time n > 1, place additional line
segments that are centered at the end and perpendicular to an exposed toothpick end,
where an exposed end is the end of a toothpick that is neither the end nor the midpoint
of another toothpick. Figure 1.28 shows the configurations obtained for times n < 6.
Let f(n) be the total number of toothpicks that have been placed up to time n, and let

F(x)=)_ f(mx".

n>1
Figure 1.28 shows that

Fx)=x+3x2+703 + 1x* +150° +23x0 4+ -+

Show that
X k k
F =—— | 1+42 (1 LA,
= o020 +x,g) +a2 1227
Define
xl_[(l—x")24:Zt(n)x”
n>1 n>1

=x — 24x% 4+ 252x3 — 1472x* + 4830x° — 6048x — 16744x" + - --

Figure 1.28 The growth of toothpicks.
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a. [3+4] Show that t(mn) = t(m)7 (n) if m and n are relatively prime.
b. [3+] Show that if p is prime and n > 1 then

(" =t(pr(p") —p"r(p"H.

c. [4] Show that if p is prime, then |z (p)| < 2p!!/2. Equivalently, write

ny 1 Ppx)
DT =+ P,
= —t(p)x+pllx

so by (b) and Theorem 4.4.1.1 the numerator P, (x) is a polynomial. Then the zeros

of the denominator are not real.
d. [5] Show that t(n) #0 for all n > 1.

[3-] Let f(n) be the number of partitions of 2n whose Ferrers diagram can be covered
by n edges, each connecting two adjacent dots. For instance, (4,3,3,3,1) can be

covered as follows:
I

—eo I

I
Show that Y~ f (m)x" =[];o; (1 —x) 72
[2+] Let n,a,k € N and ¢ = ¢¥*'/". Show that

(na) _ (). k=nb
k ng_ 0, otherwise.

[2]Let0 <k <nand f(q) = (}). Compute f'(1). Try to avoid a lot of computation.

[2+] State and prove a g-analogue of the Chu—Vandermonde identity

2(67)-(0)

(Example 1.1.17).

[2]* Explain why we cannot set ¢ = 1 on both sides of equation (1.85) to obtain the
identity
Xk
pa k!
a. [2]* Letx and y be variables satisfying the commutation relation yx = gxy, where

g commutes with x and y. Show that

(x +y)n — Z (:)xkyn—k.

k=0
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b. [2]* Generalize to (x| +x2 + -+ +x,,)", where x;x; = gx;x; fori > j.
¢. [2+]* Generalize further to (x; +x2 + -+ +x,)", where x;x; = g;jx;x; fori > j,
and where the g;’s are variables commuting with all the x;’s and with each other.

a. [3+] Given a partition A (identified with its Young diagram) and u € X, let a(u)
(called the arm length of u) denote the number of squares directly to the right of u,
counting u itself exactly once. Similarly, let /() (called the leg length of u) denote
the number of squares directly below u, counting u itself once. Thus, if u = (i, j),
thena(u) =X, —j+1landl(u) = )Jj —i+ 1. Define

yA)=#uek:aw)—Il(u)=0or1}.

DW= "g'", (1.134)

A-n Abn

Show that

where £(1) denotes the length (number of parts) of A.
b. [2]* Clearly the coefficient of x" in the right-hand side of equation (1.134) is 1.
Show directly (without using (a)) that the same is true for the left-hand side.

[2+] Let n > 1. Find the number f(n) of integer sequences (aj,as,...,a,) such that
0<ai <9and a; +ar+---+a, =0(mod4). Give a simple explicit formula (no
sums) that depends on the congruence class of » modulo 4.

a. [3-] Let n € P, and let f(n) denote the number of subsets of Z/nZ (the integers
modulo n) whose elements sum to 0 in Z /nZ. For instance, f(4) =4, corresponding
to ¥, {0}, {1,3}, {0,1,3}. Show that

1
fmy=="Y"¢@2"",
n
d|n
d odd
where ¢ denotes Euler’s totient function.

b. [5-] When # is odd, it can be shown using (a) (see Exercise 7.112) that f(n) is
equal to the number of necklaces (up to cyclic rotation) with n beads, each bead
colored black or white. Give a combinatorial proof. (This is easy if n is prime.)

¢. [5-] Generalize. For instance, investigate the number of subsets S of Z/nZ sat-
isfying } ;¢ p(i) = a (modn), where p is a fixed polynomial and o € Z/nZ is
fixed.

[2] Let f(n,k) be the number of sequences aaz - - - a, of positive integers such that the
largest number occurring is k£ and such that the first occurrence of i appears before the
first occurrence of i +1 (1 <i <k —1). Express f(n,k) in terms of familiar numbers.
Give a combinatorial proof. (It is assumed that every number 1,2,.. .,k occurs at least
once.)

[14]* Give a direct combinatorial proof of equation (1.94¢), namely,

n

Bn+1) =Z<';)B(i), n>0.

i=0

a. [2+] Give a combinatorial proof that the number of partitions of [#] such that no
two consecutive integers appear in the same block is the Bell number B(n — 1).

b. [24]* Give a combinatorial proof that the number of partitions of [r] such that
no two cyclically consecutive integers (i.e., two integers i, j for which j =i +
1 (modn)) is equal to the number of partitions of [n] with no singleton blocks.
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109. [2+]
a. Show that the number of permutations a; - --a, € &, for which thereisno 1 <i <
Jj <n—1satisfying a; < a; < aj; is equal to the Bell number B(n).
b. Show that the same conclusion holds if the condition a; < a; < a4 is replaced
witha; <ajy <aj.
c. Show that the number of permutations w € &,, satisfying the conditions of both
(a) and (b) is equal to the number of involutions in &,,.

110. [3-] Let f(n) be the number of partitions 7 of [n] such that the union of no proper
subset of the blocks of 7 is an interval [a,b]. For instance, f(4) = 2, corresponding
to the partitions 13-24 and 1234, while f(5) =6. Set f(0) = 1. Let

F(x)=Zf(n)x”= l4+x+x2+x3+2x +6°7+---.
n>0
Find the coefficients of (x/F(x)){~1.

111. [3-]Let f(n) be the number of partitions 7 of [r] such that no block of 7 is an interval
[a,b] (allowing a = b). Thus, f(1) = f(2) = f(3) =0 and f(4) = 1, corresponding
to the partition 13-24. Let

F(x):Zf(n)x":1+x4+5x5+21x6+-~~.

n>0

Express F(x) in terms of the ordinary generating function G(x) =Y
T+x4+2x2 4533+ 15x4 4.

Bn)x" =

n>0

112. [2]* How many permutations w € &, have the same number of cycles as weak
excedances?

113. [2-]* Fix k,n € P. How many sequences (T71,...,T;) of subsets 7; of [n] are there
such that the nonempty T; form a partition of [n]?

114. a. [2-]* How many permutations w = aja,---a, € &, have the property that for
all 1 <i < n, the numbers appearing in w between i and i + 1 (whether i is to
the left or right of i 4 1) are all less than i? An example of such a permutation is
976412358.

b. [2-]* How many permutations aja; - - -a, € G, satisfy the following property: If
2<j<n,then|a; —aj|=1forsome 1 <i < j?Equivalently, forall 1 <i <n, the
set {a},ay,...,a;} consists of consecutive integers (in some order). For example,
for n = 3, there are the four permutations 123, 213, 231, 321. More generally, find
the number of such permutations with descent set S C [n — 1].

115. [3-]Letn =2"7+2and define Q,, (1) = Y_ gc(,_;;27"®. Show that e™//" is (at least)
a double root of Q,,(¢).

116. a. [2]* Show that the expected number of cycles of a random permutation w € S,
(chosen from the uniform distribution) is given by the harmonic number H, =
1+%+%+-~-+%~logn.

b. [3] Let f(n) be the expected length of the longest cycle of a random permutation
w € G, (again from the uniform distribuiton). Show that

oo 00 ,—y
jim £ _ / exp (—x - / ¢ dy) dx = 0.62432965 - ..
0 x y

n—>o0o n

117. [2+] Let w be a random permutation of 1,2,...,n (chosen from the uniform distribu-
tion). Fix a positive integer 1 < k < n. What is the probability p, that in the disjoint
cycle decomposition of w, the length of the cycle containing 1 is £? In other words,
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what is the probability that & is the least positive integer for which w* (1) = 1? Give
a simple proof avoiding generating functions, induction, and so on.

a. [2]* Let w be a random permutation of 1,2,...,n (chosen from the uniform distri-
bution), n > 2. Show that the probability that 1 and 2 are in the same cycle of w is
1/2.

b. [2+] Generalize (a) as follows. Let 2 < k < n, and let A = (A1, Ap,...,A¢) F &,
where A, > 0 . Choose a random permutation w € &,.. Let P, be the probability
that 1,2,...,A; are in the same cycle Cy of w, and | 4+ 1,...,X| + A, are in the
same cycle C, of w different from C, and so on. Show that

C(a =Dl (= D)

B k!

c. [3—] Same as (b), except now we take w uniformly from the alternating group 2,,.
Let the resulting probability be Q;. Show that

=Dl =1 1 I L
0= (k—2)! (k(k—1)+( . "("—1))

[2+] Let P, denote the probability that arandom permutation (chosen from the uniform
distribution) in &5, has all cycle lengths at most#. Show thatlim, .o P, =1—log2 =
0.306852819- - -.

[2+] Let Ex(n) denote the expected number of k-cycles of a permutation w € &, as
discussed in Example 1.3.5. Give a simple combinatorial explanation of the formula
Er(n)=1/k,n>k.

a. [2]* Let f (n) denote the number of fixed-point free involutions w € &, (i.e., w? =
1, and w(i) # i for all i € [2n]). Find a simple expression for >_,_, f (m)x" /n!.
(Set f(0)=1.) B

b. [2-]* If X C P, then write —X = {—i : i € X}. Let g(n) be the number of ways
to choose a subset X of [n], and then choose fixed point free involutions w on
XU (—X) and @ on X U(—X), where X = {i € [n] : i & X}. Use (a) to find a
simple expression for g(n).

¢. [2+]* Find a combinatorial proof for the formula obtained for g(n) in (b).

[2-1* Find Y, x®*®)_ where w ranges over all fixed-point free involutions in &,
and exc(w) denotes the number of excedances of w.

[2]* Let 2, denote the alternating group on [n] (i.e., the group of all permutations
with an even number of cycles of even length). Define the augmented cycle indicator
Zy,, of AU, by
ZQ{ — Z tlype(w)
n 5
weAy

as in equation (1.25). Show that

~ X" x3 X3 x2 x* x6
Zy,— =exp|tix+t3—+t5—+--- )-cosh|b—+ta—+tc—+--- ).
;mnn! P<1X 33 55 ) (22 44 66 )

a. [2] Let fi(n) denote the number of permutations w € &,, with k inversions. Show
combinatorially that for n > &,

fem+1) = fi(m) + fimi(n+1).
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b. [14] Deduce from (a) that for n > k, fi(n) is a polynomial in n of degree k and
leading coefficient 1/k!. For instance, f>(n) = %(n +1)(n—2) forn > 2.

c. [2+] Let gi (n) be the polynomial that agrees with f; (1) for n > k. Find A/ g (—n);
that is, find the coefficients a; in the expansion

k
a(-m =3 a; (")
= N

[2+]* Find the number f (n) of binary sequences w = a)a; - - - a; (Where k is arbitrary)
such that a; =1, g =0, and inv(w) = n. For instance, f(4) =5, corresponding to
the sequences 10000, 11110, 10110, 10010, 1100. How many of these sequences have
exactly j 1’s?

[2+]* Show that

n—1

Y g™ =" T +q*+q* + +4*).
w j=0

where w ranges over all fixed-point free involutions in &,,, and where inv(w) denotes
the number of inversions of w. Give a simple combinatorial proof analogous to the
proof of Corollary 1.3.13.

[2]

a. Let w € G,,, and let R(w) be the set of positions of the records (or left-to-right
maxima) of w. For instance, R(3265174) = {1, 3, 6}. For any finite set S of positive
integers, set x5 = [, g x;. Show that

D0 g™ xR = x @) (3 g+ D (Gt g g7+ ") (1.135)

weGy

b. Let V(w) be the set of the records themselves (e.g., V (3265174) = {3,6,7}). Show
that

D g™ = g7+ g g+ g )

weSy

X(xn71+q)xn~ (]]36)

a. [2] A permutation a; - - - a, of [n] is called indecomposable or connected if n is the
least positive integer j for which {ay,as,...,a;} ={1,2,...,j}. Let f(n) be the
number of indecomposable permutations of [n], and set F(x) =", _,n!x". Show
that B

1
> fmx"=1- o (1.137)

n>1

b. [24] If a; - - - a, is a permutation of [n], then q; is called a strong fixed point if (1)
j<i=aj<a;,and (2) j >i = a; > a; (soin particular a; =i). Let g(n) be the
number of permutations of [n] with no strong fixed points. Show that

S gt =
§ 1+xF(x)

n=>0
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¢. [24] A permutation w € G, is stabilized-interval-free (SIF) if there does not exist
1 <i < j<nforwhichw-[i,j]=1i,j] (as sets). For instance, 615342 fails to be
SIF since w - [3,5] = [3,5]. Let h(n) be the number of SIF permutations w € G,,,
and set

H(x) :Zh(n)x" =14+x4+x24+23 +7x* +34x° +206x0 +--- .

>0
Show that X
H(x)= —(anon!x"“)(_w’
where (!’ denotes compositional inverse (§5.4 of Vol. II). Equivalently, by the

Lagrange inversion formula (Theorem 5.4.2 of Vol. II), H (x) is uniquely defined
by the condition
X" "H&)" =n!, n>1.

d. [2+] A permutation w € G,, is called simple if it maps no interval [i, j] of size 1 <
J —i+1 < n into another such interval. For instance, 3157462 is not simple, since
it maps [3,6] into [4,7] (as sets). Let k(n) be the number of simple permutations
w € S, and set

K(x)= Zk(n)x” =x4+2x2 4+ 2x* +6x° +46x7 +338x8 4.+ .

n>1

Show that 1

Kx) =

l—{z—x - Zn!x”

n>1

a. [2]* Let fy(n) be the number of indecomposable permutations w € &,, with k
inversions. Generalizing equation (1.137), show that

1

k.n __ 1 _
Y hmgtxt =1 o

n>1

where F(q,x) =Y_,.om)!x". As usual, m)! = (14+¢)(1 +g+4¢%) - (1+q+
...+qn71)_

b. [2] Write 1/F(q,x) =, 8n(q)x", where g,(q) € Z[q]. Show that ), ., &.(q)
is a well-defined formal power series, even though it makes no sense to substitute

directly x = 1in 1/F (g, x).
c. [3] Write 1/F (g, x) in a form where it does make sense to substitute x = 1.
[2+] Let u(n) be the number of permutations w =a; - - -a, € G, suchthata; | #a; 1
for 1 <i <n— 1. Equivalently, f(n) is the number of ways to place n nonattacking
kings on an n x n chessboard, no two on the same file or rank. Set

U(x) = Zu(n)x" =1+4x+2x*+14x> +90x° + 646x" +5242x% + ...,
n>0

Show that

Ux) = F(%) (1.138)

where F(x) =)_,.on!x" as in Exercise 1.128.
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[2+]* An n-dimensional cube K, has 2n facets (or (n — 1)-dimensional faces),
which come in n antipodal pairs. A shelling of K, is equivalent to a linear order-
ing F|, Fy,..., Fy, of its facets such that for all 1 <i <n — 1, the set {Fy,..., Fy}
does not consist of i antipodal pairs. Let f(n) be the number of shellings of K,,. Show

that
-1

Zf(n)’%ﬂ— Z(zn)!fl—':

n>1 n>0

[1+]* Let w € &,,. Which of the following items doesn’t belong?

e inv(w) =0

e maj(w) =0

o des(w)=0

e maj(w) = des(w) =inv(w)

o D(w)=40¢

e c(w) =n (where c(w) denotes the number of cycles of w)
o w=w?=1

a. [2+4] Let A, (x) be the Eulerian polynomial. Give a combinatorial proof that %An 2)
is equal to the number of ordered set partitions (i.e., partitions whose blocks are
linearly ordered) of an n-element set.

b. [2+]* More generally, show that

ne

An(x)

= (n—Kk)!Sn,n—kx -1k
X
k

1
=0
Note that (n — k)!S(n,n — k) is the number of ordered partitions of an n-set into
n — k blocks.
[3—] Show that
1+des(w n—1-2des(w
A,l(x)z;x W1 4x) W),
where w ranges over all permutations in &, with no proper double descents (as

defined in Exercise[1.61)) and with no descent at the end. For instance, when n = 4,
the permutations are 1234, 1324, 1423, 2134, 2314, 2413, 3124, 3412, 4123.

a. [2] Let A, (x) be the Eulerian polynomial. Show that

(=D)@D2E, - podd,

A (=)=
=D 0, neven.

b. [3-] Give a combinatorial proof of (a) when n is odd.

[2+] What sequence ¢ = (cy,...,¢,) € N” with Y ic; = n maximizes the number of
w € &, of type ¢? For instance, when n = 4 the maximizing sequence is (1,0, 1,0).

[3—] Let ¢ be a prime number and write n = ag + a; ¢ +af? 4, with0<g; <?¢
for all i > 0. Let «¢(n) denote the number of sequences ¢ = (ci,¢z,...,¢,) € N' with
>"ic; = n, such that the number of permutations w € &, of type ¢ is relatively prime
to £. Show that

ke(n) = plao) [ Jai +1).

i>1
where p(ap) is the number of partitions of ag. In particular, the number of ¢ such

that an odd number of w € &, have type ¢ is 2%, where |1/2] has b 1’s in its binary
expansion.
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138. [2+]* Find a simple formula for the number of alternating permutations aja; - - - as, €
Gy, satistying ar < as <ag < -+ < azy,.

139. [2+] An even tree is a (rooted) tree such that every vertex has an even number of
children. (Such a tree must have an odd number of vertices.) Note that these are not
plane trees (i.e., we don’t linearly order the subtrees of a vertex). Express the number
g(n) of increasing even trees with 2n + 1 vertices in terms of Euler numbers. Use
generating functions.

140. [3-] Define a simsun permutation to be a permutation w € G, such that w has no proper
double descents (as defined in Exercise ‘)) and such that forall 0 <k <n—1, if
weremoven,n—1,--- ,n —k from w (written as a word) then the resulting permutation
also has no proper double descents. For instance, w = 3241 is not simsun since if we
remove 4 from w we obtain 321, which has a proper double descent. Show that the
number of simsun permutations in G,, is equal to the Euler number £, .

141. a. [2+] Let E, x denote the number of alternating permutations of [n + 1] with first
term k + 1. For instance, E, , = E,. Show that

Eoo=1, E.o=0n>1), Eppi411=Enr1x+Epnsk m>k>0). (1.139)
Note that if we place the E, ;’s in the triangular array

Eoo
Enn — En
En <« Ex <« Ey
Exw — E3 — Epn — Exn
Ey <« Ei <« Ep <« Ey <« Ey

(1.140)

and read the entries in the direction of the arrows from top-to-bottom (the so-called
boustrophedon or ox-plowing order), then the first number read in each row is 0,
and each subsequent entry is the sum of the previous entry and the entry above in
the previous row. The first seven rows of the array are as follows:

1
0 — 1
1 « 1 <« 0
0O —»- 1 - 2 = 2
5 « 5 « 4 <« 2 <« 0
0O - 5 —- 10 —- 14 — 16 — 16
61 <« 61 <« 56 <« 46 <« 32 <« 16 <« O
b. [3—] Define
(m.n] = m, m+nodd,
M= 4, m4neven.
Show that
x™ y"*  cosx +sinx
ZZ Em+n,[m,n]ﬁﬂ = m (]]41)

m=>0n>0
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142. [3-] Define polynomials f, (@) for n > 0 by fo@) =1, f,(0) =0 if n > 1, and
fiu(a) = fu—1(1 —a). Thus,

fi(a) =a,

1 2

fala) = 5(—61 +2a),
1 3

f3(a) = 5(—0 +3a),

fala) = %(a“ —4a’ +8a),
Lo 3

fs(a) = g(a — 10a” 4+ 25a),

1 6 5 3
f(,(a)za(—a + 6a” —40a’ 4+ 96a).

Show that 3~ _ f,(1)x" = secx +tanx.

143. a.

144. a.

b.

[2-] Let fix(w) denote the number of fixed points (cycles of length 1) of the
permutation w € G,,. Show that

Z fix(w) =n!.
weSy

Try to give a combinatorial proof, a generating function proof, and an algebraic
proof.

. [34] Let Alt, (respectively, Ralt,) denote the set of alternating (respectively,

reverse alternating) permutations w € &,,. Define

fy= " fix(w)

weAlt,

gmy= Y fix(w).

weRalty
Show that
Ei—Eypo+E,4— -+ (=D"D2E pnodd,
fm= { E,—2E, 2+2E, 4—+(—1)"2/22E, 4 (—1y"/2, n even.

En_En72+En74_"'+(_1)(n71)/2E17 n odd,
g(n) =

E,— (—D"2, neven.

[2] Let
" [Tji= (1 —g¥™h
F)=2) ¢"—5 7,
= 1= d+q7)
where g = (%)2/3. Show that F (x) is well-defined as a formal power series. Note

that ¢ (0) = 1 # 0, so some special argument is needed.
[3+] Let F(x) be defined by (a), and write

F(x)=)_" fmx" =1+x+x>+2x +5x +17x° 4 72x°

n>0

+367x" 4+2179x8 +- -
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Show that f(n) is equal to the number of alternating fixed-point free involutions
in Gy, (i.e., the number of permutations w € &,, that are alternating permutations
and have n cycles of length two). For instance, when n = 3 we have the two
permutations 214365 and 645321, and when n = 4 we have the five permutations
21436587, 21867453, 64523187, 64827153, and 84627351.

145. [3-] Solve the following chess problem, where the condition “serieshelpmate” is

defined in Exercise c).

A. Karttunen, 2006

Y.

7 7

7

7

Serieshelpmate in 9: how many solutions?

146. [2+] Let fi(n) denote the number of permutations w € &,, such that
D(w) = {k,2k,3k,...}N[n—1],

as in equation (1.58). Let 1 <i < k. Show that

. mk+i
S femk+i) Y o (=D Gy

i x
m=>0 (mk + l)' Zmz()(_ l)m ();:’1711()!

Note that when i = k we can add 1 to both sides and obtain equation (1.59).

147. [2+4] Call two permutations u,v € &, equivalent if their min-max trees M (1) and
M (v) are isomorphic as unlabeled binary trees. This notion of equivalence is clearly
an equivalence relation. Show that the number of equivalence classes is the Motzkin
number M,,_; defined in Exercise 6.37 and further explicated in Exercise 6.38.

148. [2+]Let &, = &, (c,d) denote the cd-index of &,,, as defined in Theorem 1.6.3. Thus,
c=a+bandd =ab+ba.Let S C[n— 1], and let u g be the variation of S as defined
by equation (1.60). Show that

&, (a+2b,ab + ba + 2b2) = Z a(S)ug,
SC[n—1]
where «(S) is given by equation (1.31).

149. [3-]If F(x) is any power series with noncommutative coefficients such that ' (0) =0,
then define (1 — F(x))™' to be the unique series G (x) satisfying

(1-Fx)Gx)=Gx)(1-Fx))=1.
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Equivalently, G(x) = 1 + F(x) + F(x)? + - --. Show that

x" L _ —1
Z‘D @ d) smh(a bb)x [1 B % (c smh(ab b)x ~cosh(a—byx + 1>:| .
a—

n>1

(1.142)

Note that the series on the right involves only even powers of a — b. Since (a — b)? =
¢ —2d, it follows that the coefficients of this series are indeed polynomials in ¢ and d.

a. [3-]* Let f(n) (respectively, g(n)) be the total number of ¢’s (respectively, d’s) that
appear when we write the cd-index @, (¢,d) as a sum of monomials. For instance,
®4(c,d) = 2 +2cd +2dc, so f(4) =7 and g(4) = 4. Show using generating
functions that f(n) =2E,+1 —(n+ 1E, and g(n) =nkE, — E, 1.

b. [5-] Is there a combinatorial proof?

[3-] Let u be a monomial of degree n — 1 in the noncommuting variables c,d,
where deg(c) = 1 and deg(d) = 2. Show that [£]®P,, (c,d) is the number of sequences
M =1Vo,V1,...,V,—1 = 1, where v; is obtained from v;_; by removing a ¢ or chang-
ing a d to c. For instance, if u = dcc, there are three sequences: (dcc,ccc,cc,c, 1),
(dce,dc,cc,c,1), (dee,de,d, c,1).

[3—] Continue the notation from the previous exercise. Replace each ¢ in u with 0, each

d with 10, and remove the final 0. We get the characteristic vector of a set S, C [n —2].

For instance, if 1 = cd*c?d then we get the characteristic vector 01010001 of the set

S, =1{2,4,8}. Show that [u]®,(c,d) is equal to the number of simsun permutations

(defined in Exercise [[T40) in &, with descent set S,,.

a. [2] Let f(n) denote the coefficient of d" in the cd-index ®;,,41. Show that f(n) =
27" E2n+ 1-

b. [3] Show that f(n) is the number of permutations w of the multiset
{12,22,. . (n+ 1)2} beginning with 1 such that between the two occurrences of

i (1 <i <n) there is exactly one occurrence of i 4 1. For instance, f(2) = 4,
corresponding to 123123, 121323, 132312, 132132.

a. [1+] Let F(x) =), f(n)x"/n!. Show that

eV F(x) = Z[A” F(O)]x"/n).

n>0

b. [2] Find the unique function f : P — C satisfying (1) =1 and A" f(1) = f(n)
forall n € P.
c¢. [2] Generalize (a) by showing that

X" [k

e F(x4+n=) > A'f (k)—'ﬁ

n>0 k>0

a. [1+] Let F(x) =), f(n)x". Show that

1 n
i () =X o,

n=>0

b. [2+] Find the unique functions f, g : N — C satisfying A" f (0) = g(n), A¥g(0) =
f(n), A g(0) =0, f(0)=1.

¢. [2+] Find the unique functions f, g : N — C satisfying A" f (1) = g(n), A*g(0) =
fn), A" g(0)=0, f(0)=1.
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[2+] Let A be the abelian group of all polynomials p : Z — C such that D¥p : Z — Z
for all k € N. (D¥ denotes the kth derivative, and D°p = p.) Then A has a basis of
the form p, (x) = ¢, (:), n € N, where ¢, is a constant depending only on #. Find ¢,
explicitly.

[2] Let A be a complex number (or indeterminate), and let

y=14) " fx", v =g,

n>1 n>0
Show that
1 n
gy ==Y [kO+1)—nlf(k)gn—k), n>1.
o
This formula affords a method of computing the coefficients of y* much more
efficiently than using (1.5) directly.

[2+] Let fi, f2,... be a sequence of complex numbers. Show that there exist unique
complex numbers a;,ay, ... such that

F(x):=1+ anx” = ]_[(1 — x4,
n>1 i>1
Set log F(x) = anl gnx". Find a formula for a; in terms of the g,’s. What are the
a;’s when F(x) =1+x and F(x) = */(1=7
[2]Let F(x) =14a;x+--- € K[[x]], where K is afield satisfying char(K) # 2. Show
that there exist unique series A(x), B(x) satisfying A(0) = B(0) =1, A(x) = A(—x),
B(x)B(—x) =1, and F(x) = A(x)B(x). Find simple formulas for A(x) and B(x) in
terms of F(x).
a. [2] Let 0 < j < k. The (k, j)-multisection of the power series F(x) = ano apx"
is defined by
Wy F () =) amy jx*"
m=>0

Let ¢ = ¢2™!/k (where i? = —1). Show that

k—1

1 .
Wi F) =) ¢ F@E ).

r=0

b. [2] As a simple application of (a), let 0 < j < k, and let f (n,k, j) be the number of
permutations w € S,, satisfying maj(w) = j (mod k). Show that f(n,k, j) =n!/k
ifn>k.

c. [2+] Show that

k=1 1
Fl=1LEO) =" +2{:(1_§)H,

where & ranges over all primitive kth roots of unity. Can this expression be
simplified?

a. [2]* Let F(x) =ap+ajx +--- € K[[x]], with ag = 1. For k > 2 define Fj(x) =
Qs 0(X) =350 Agmx*™ . Show that for n > 1,
F
[ka] (X) -0

QroF(x)
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b. [2+] Let char K # 2. Given G(x) = 1 4+ H(x) where H(—x) = —H (x) (i.e.,
H (x) has only odd exponents), find the general solution F(x) =1+ ajx +---
to F(x)/F2(x) = G(x). Express your answer in the form F(x) = ®(G(x)) E(x),
where ®(x) is a function independent from G(x), and where E(x) ranges over
some class £ of power series, also independent from G (x).

[3-] Let g(x) € C[[x]], g(0) =0, g(x) = g(—x). Find all power series f (x) such that
f(©0)=0and
f@+ [0
L= f()f(=x)

Express your answer as an explicit algebraic function of g(x) and a power series /(x)
(independent from g(x)) taken from some class of power series.

Let f(x) € C[[x]], f(x) = x+ higher order terms. We say that F(x,y) € C[[x, y]] is

a formal group law or addition law for f(x) if f(x +y) = F(f(x), f()).

a. [2-] Show that for every f(x) € C[[x]] with f(x) = x + ---, there is a unique
F(x,y) € C[[x,y]] which is a formal group law for f(x).

b. [3] Show that F'(x,y) is a formal group law if and only if F (x,y) = x + y+ higher
order terms, and

8(x).

F(F(x,y),2) = F(x,F(y,2)).

c. [2] Find f(x) so that F(x,y) is a formal group law for f(x) in the following
cases:
o F(x,y)=x+Y.
o F(x,y)=x+y+xy.
o F(x,y)=(x+y)/(—xy).
o F(x,y)=xy/1—y2+y/1—x2.

d. [2+4] Using equation (5.128), show that the formal group law for f(x) = xe™
given by

*is
lxny+xyn
n! ’

Fl,y)=x+y—) (n—1)"

n>1

where we interpret 0° = 1 in the summand indexed by n = 1.
e. [3] Find the formal group law for the function

fw=[ =
x) = .
0 V1—1*
[3-] Solve the following equation for the power series F (x,y) € C[[x, y]]:
(xy? +x = ) F(x,y) =xF(x,0) - y.

The point is to make sure that your solution has a power series expansion at (0,0).
[2+] Find a simple description of the coefficients of the power series F(x) =x+--- €
CI[[x]] satisfying the functional equation
X

5

Fx)=(1+x)Fx>)+
1—x

[2] Let n € P. Find a power series F(x) € C[[x]] satisfying F(F(x))" =1+ F(x)",
F0)=1.



134

167.

168.

What Is Enumerative Combinatorics?

[2] Let F(x) € C[[x]]. Find a simple expression for the exponential generating
function of the derivatives of F'(x), that is,
tn
ZD”F(X);, (1.143)
n>0 :

where D =d/dx.

Let K be a field satisfying char(K) # 2. If A(x) = x + >_,.,a,x" € K[[x]],

then let A(~"(x) denote the compositional inverse of A; that is, A"V (A(x))=

AACD (x)) =x.

a. [3-] Show that we can specify a,as,... arbitrarily, and they then determine
uniquely a3, as, ... so that A(—A(—x)) = x. For instance,

az = a%,
as = 3aga, — 2a§,
a; = 13615) — 18a4a§ + 2a£ +4ayag.
NoTE. Let E(x) = A(—x). Then the conditions A(x) =x+--- and A(—A(—x)) =
x are equivalent to E(x) = —x +--- and E(E(x)) = x.
b. [5-] What are the coefficients when ay, 4 is written as a polynomial in a;,au,. ..
as in (a)?
¢. [2+]* Show that A(—A(—x)) = x if and only if there is a B(x) = x + anz b, x"
such that A(x) = B~ (—B(—x)).

d. [2+] Show that if A(—A(—x)) = x, then there is a unique B(x) as in (c) of the
form B(x) =x + ), bo,x*". For instance,

1
by = —5

by = é (5(1; — 4a4) s
b = _116 (4945 — 56a2as + 8as)

e. [5-] What are the coefficients when b», is written as a polynomial in ay,ay,... as
in (d)?
f. [2+]Forany C(x) = x +c2x% 4 c3x3 +- - -, show that there are unique power series

A(x) :x—i—azxz—i—ayc3 +--,
D(x)=x+dsx> +dsx>+---,

such that A(—A(—x)) = x and C(x) = D(A(x)). For instance,
az =2,
dy=c3— c%,
a4 = c4 — 3c300 + 36‘%,

ds =cs+ 3C%C3 —3cpcq — cg.

g. [2+] Find A(x) and D(x) as in (f) when C(x) = —log(1 — x).
h. [5-] What are the coefficients when ay, and dy, ) are written as a polynomial in

c2,C3,... asin (f)?
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i. [2+4] Note that if A(x) =x/(1+ 2x), then A(—A(—x)) = x. Show that
B (=B(—x)) =x/(1+2x)

if and only if e™* ano bp4+1x"/n! is an even function of x (i.e., has only even
exponents).
j- [2+] Identify the coefficients by, of the unique B(x) =x+ )

BV (=B(=x)) = x/(1 +2x).

169. [2] Find a closed-form expression for the following generating functions:

a. Z(n +2)%x".

n>0

2 X"
b. Z(ﬂ+2) ;

n>0

e Y (n+27 <2n">x".

n>0

a1 by, x?" satisfying

170. a. [2-] Givenag =, a1 = B, any1 = an +a,—1 forn > 1, compute y =), _qa,x".
b. [2+] Given ag = 1 and a,4+1 = (n + Da, — (5)a,—2 for n > 0, compute y =
2 0 @nX" /0.
¢. [2] Givenag=1and 2a,11 =Y ('il)aian_i for n > 0, compute Y, a,x" /n!
and find a, explicitly. Compare equation (1.55), where (in the notation of the
present exercise), a; = 1 and the recurrence holds for n > 1.
d. [3] Let ag(0) =8k, and for 1 <k <n+1 let

n

an+1)=)" (") Y (ax()+arn()agn—j).

Jj=0 2r+s=k—1
r,s>0

Compute A(x,1) := " - ax(m)t*x" /n!.

171. Given a sequence ag,dj,... of complex numbers, let b, =ap+a; +---+a,.
a. [1+]* Let A(x) =) ,-0anx" and B(x) =}, . bnx". Show that

B(x)= A%
1—x

b. [2+] Let A(x) =Y, a7 and B(x) = ¥, by . Show that
B(x)=(I(e " A'(x)) +ag)e”, (1.144)
where I denotes the formal integral, that is,
n+l

X x"
I chx" = chm = ch_lz.

n>0 n>0 n>1

172. [3-] The Legendre polynomial P, (x) is defined by

l n
N M

n>0

Show that (1 —x)" P, (1 +x)/(1 —x)) = X ()%,
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[2+] Find simple closed expressions for the coefficients of the power series (expanded
about x = 0):

14+x
a. ./ .
1—x 5
. 2<sin71 f) .
2

. sin(z sin”! x).

. cos(t sin~! Xx).

. sin(x)sinh(x).

sin(x) sin(wx) sin(w?x), where @ = ¢27i/3,

. cos(log(1 4 x)) (express the answer as the real part of a complex number)

me a0 =

[ ]

[1-] Find the order (number of elements) of the finite field [F;.

[2+]*Fori, j >0andn > 1,let f, (i, j) denote the number of pairs (V, W) of subspaces
of IE‘Z such that dimV =i, dim W = j, and V N W = {0}. Find a formula for f,(i, j)
which is a power of ¢ times a g-multinomial coefficient.

[2+] A sequence of vectors vy, vz, ... is chosen uniformly and independently from [Fy.
Let E(n) be the expected value of k for which vy, ..., v, span IFZ butvy,...,vr_1 don’t
span [y . For instance

T
q

5

-1
E(Z):M,
(g—D@+1)

3 2
EG) = q(3q°+4q-+3q+1) .
(g—D(@+D@g*+q+1

Show that

g —1

Em=Y" q
i=1

a. [2+]* Let f(n,q) denote the number of matrices A € Mat(n, q) satisfying A2 = 0.

Show that @
Ynq

f(n,q) = _

2i+2j::n q' 2Dy (q)yi(q)

where y,, (q) = #GL(m,q). (The sum ranges over all pairs (i, j) € N x N satisfying
2i4+j=n.)

b. [2]* Write f (n,q) = g(n,q)(qg — 1)* so that g(n, 1) # 0,00. Thus, f(n,q) may be
regarded as a g-analogue of g(n,1). Show that

n

2,

E g(n,l)x—:e” ,
n!

n>0

¢. [5-] Is there an intuitive explanation of why f(n,q) is a “good” g-analogue of
g, 1)?

[2+]* Let f(n) be the number of pairs (A, B) of matrices in Mat(n,q) satisfying
AB = 0. Show that

fy=7 q"" ™" (Z) @ =" —q)@" —q"".
k=0
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[2-]* How many pairs (A, B) of matrices in Mat(n,q) satisty A+ B = AB?

[5-] How many matrices A € Mat(n,q) have square roots, i.e., A = B? for some
B € Mat(n,q)? The g = 1 situation is Exercise 5.11(a).

[2]* Find a simple formula for the number f(n) of matrices A = (4;;) € GL(n,q)
suchthat Ay = A, =A,1 = A, =0.

[2+] Let f (n,q) denote the number of matrices A = (A;;) € GL(n,q) suchthat A;; #0
forall i, j. Let g(n,q) denote the number of matrices B = (B;;) € GL(n — 1,q) such
that B;; # 1 for all i, j. Show that

f.q)=(g—1D""gn.q).

[2] Prove the identity

1 B
=TT -x%)", (1.145)
1—gx i

where B(d) is given by equation (1.103).

a. [2]* Let f,(n) denote the number of monic polynomials f (x) of degree n over I,
that do not have a zero in IF,, (i.e., for all « € F, we have f(a) # 0). Find a simple
formula for F(x) = Zn>0 fq@m)x". Your answer should not involve any infinite
sums or products. N
Notk. The constant polynomials f(x) = B for 0 # B € I, are included in the
enumeration, but not the polynomial f(x) =0.

b. [2]* Use (a) to find a simple explicit formula for f(n,q) when n is sufficiently
large (depending on g).

a. [1]* Show that the number of monic polynomials of degree n over I, is ¢".
b. [2+4] Recall that the discriminant of a polynomial f(x) = (x —6;)---(x —6,) is
defined by
disc(f) = 1—[ ©; — 9j)2-

1<i<j<n

Show that the number D (n,0) of monic polynomials f(x) over F, with discrimi-
nant 0 (equivalently, f(x) has an irreducible factor of multiplicity greater than 1)
isq",n>2.

c. [2+] Generalize (a) and (b) as follows. Fix k > 1, and let X be any subset of N¥
containing (0,0,...,0). If f1,..., f is a sequence of monic polynomials over [,
thenset f = (f1,..., fi) anddeg(f) = (deg(f1),...,deg(fx)). Givenanirreducible
polynomial p € Fy[x], let mult(p, f) = (u1,...,ur), where w; is the multiplicity
of pin f;. Given B € N¥, let N(B) be the number of k-tuples f = (fi,..., f¢) of
monic polynomials over F, such that deg( f) = 8 and such that for any irreducible
polynomial p over IF, we have mult(p, f) € X. By astraightforward generalization
of Exercise[T-109] to the multivariate case, there are unique a, € Z such that

Fx(x):=) x*= ] (1—-x%%, (1.146)
aeX aeNk
«#(0,0,...,0)
where if @« = (a1, ...,0), then x* =x‘11' ~-~lek. Show that
YONB= J] (a—gx®.
penk aenk

a#(0,0,....0)
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Note thatif k =1 and X =N, then N () is the total number of monic polynomials
of degree 8. We have fy(x) =1/(1 —x) and ZﬁeNN(ﬂ)xﬂ =1/(1 —gx) =
Y u=09"x", agreeing with (a).

186. Deduce from Exercise c) the following results.
a. [2] The number N, (n) of monic polynomials f € IF,[x] of degree n with no factor

187.

188.

189.

C.

of multiplicity at least r is given by
N,m)=qg"—¢" "', n>r. (1.147)

Note that the case r = 2 is equivalent to (b).

. [2] Let N (m,n) be the number of pairs (f, g) of monic relatively prime polynomials

over IF, of degrees m and n. In other words, f and g have nonzero resultant. Then

N@n,n)=¢"" ' mn>1. (1.148)

. [2+] A polynomial f over a field K is powerful if every irreducible factor of f

occurs with multiplicity at least two. Let P (n) be the number of powerful monic
polynomials of degree n over IF,. Show that

P(n) = qLﬂ/2J +qtﬂ/2J*1 _ql(nfl)/3J, n>2. (1.149)

. [3—]Letg be an odd prime power. Show thatas f ranges over all monic polynomials

of degree n > 1 over I, disc(f) is just as often a nonzero square in I, as a
nonsquare.

. [2+]Forn > 1 and a € F;, let D(n,a) denote the number of monic polynomials of

degree n overIF, with discriminanta. Thus by Exercise 1.185(b), we have D (n,0) =
q"!. Show thatif (n(n—1),g—1)=1(s0g=2")or (n(n—1),g—1) =2 (so q is
odd) then D(n,a) =¢" ' foralla € F,. (Here (r,s) denotes the greatest common
divisor of r and s.)

[5-] Investigate further the function D(n,a) for general n and a.

[3] Give a direct proof of Corollary 1.10.11 (i.e., the number of nilpotent matrices in
Mat(n,q) is "~ D).

[3-] Let V be an (m 4+ n)-dimensional vector space over [y, and let V = V| @ V,,
where dim V; = m and dim V, = n. Let f(m,n) be the number of nilpotent linear
transformations A: V — V satisfying A(V;) € V, and A(V;) € V. Show that

f(m,n) =g D= gm 4 gn — 1),

190. a. [2] Let w*(n,q) denote the number of conjugacy classes in the group GL(n,q).

Show that w*(n,q) is a polynomial in ¢ satisfying *(n, 1) = 0. For instance,
o (Lg)=q—1,
0" (2,9)=¢"~1,
" 3.9)=q"—q,
" 4q) =q"~q.
©"(5.0)=q" =g —q +1,
0" (6,9) =4° —q°,
o 1) =q"—q¢’ —¢*+1,
©"(8.9)=¢" ¢’ — ¢’ +q.
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b. [2+] Show that

Wt (n,q) =" — g =D L oLty

c¢. [3-] Evaluate the polynomial values w*(n,0) and w*(n,—1). When is w*(n,q)
divisible by ¢2?

191. [3-] Give a more conceptual proof of Proposition 1.10.2, that is, the number w (n,q)
of orbits of GL(n,q) acting adjointly on Mat(n,q) is given by

wng) =Y pjng’.
j

192. a. [2]* Find a simple formula for the number of surjective linear transformations
A:F" — Tk,
b. [2]* Show that the number of m x n matrices of rank k over I, is given by

m n n n k—1
(k>(q -D@G"—q)---@q"—q").

193. [2] Let p, denote the number of projections P € Mat(n,q) (i.e., P2 = P). Show that
. 2
X
Z Pn = Z — s
n>0 k>0 )/(k)
where as usual y (k) = y (k,q) = #GL(k,q).

194. [2+] Let r,, denote the number of regular (or cyclic) M € Mat(n,q) (i.e., the charac-
teristic and minimal polynomials of A are the same). Equivalently, there is a column
vector v € IFZ such that the set {A'v : i > 0} spans ]FZ (where we set A° = I). Show
that

xd B(d)
Z " <n)_l_[< qd—1)<1—(x/q)d>>

d>1

1 x4 B(d)
= I+ —— .
l—xn< +qd(q‘f’—1)>

d>1

195. [2] A matrix A is semisimple if it can be diagonalized over the algebraic closure of
the base field. Let s, denote the number of semisimple matrices A € Mat(n,q). Show

that
B(d)

2 s

n>0

=T1{X-;

V(nq) =1\

v, qd)

196. a. [2+] Generalize Proposition 1.10.15 as follows. Let 0 < k < n, and let f;(n) be
the number of matrices A = (a;;) € GL(n,q) satisfying ay; +ax +---+ay =0.
Then

fkm)—f(y(n Q)+ (=g — 1>q%"(2"*"*“y<n—k,q>). (1.150)
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b. [2+] Let H be any linear hyperplane in the vector space Mat(n,q). Find (in terms
of certain data about H) a formula for #(GL(n,q) N H).

197. [3] Let f(n) be the number of matrices A € GL(n,q) with zero diagonal (i.e., all
diagonal entries are equal to 0). Show that

Foy=q"2) g -1y g(—n" (’Z)(n —i).

For instance,

f(=0,
f@=(q-1?%

fB®) =q(g—1(g" —4¢> +4q - 1),
F@®=¢q-1)(q"—q°—5¢"+3¢" +11g° — 14¢> + 6 — 1).

198. a. [2+] Let h(n,r) denote the number of n x n symmetric matrices of rank r over IF,.
Show that

h(n+1,r)=q"h(n,r)+(q— g "hn,r =)+ (""" =g Hh(n,r —2),
(1.151)

with the initial conditions 4 (n,0) =1 and h(n,r) =0 for r > n.
b. [2] Deduce that

S qzi 2s5—1
qui_l : H(qnﬂ—l), 0<r=2s<n,
hn,r) = 1?1 ' :2:0
s q21 5 )
n—i _
qui_l'n(q —-1), 0<r=2s+1<n.
i=1 i=0
In particular, the number 4 (n,n) of n x n invertible symmetric matrices over I, is
given by
h(n,n) = g"" g =@’ =1 (", n=2m—1,

qm(m+l)(q _ 1)(q3 —1--- (qu—l)’ n=72m.

199. a. [3] Show that the following three numbers are equal:
e The number of symmetric matrices in GL(2n,q) with zero diagonal,
e The number of symmetric matrices in GL(2n — 1,q),
e The number of skew-symmetric matrices (A = —A") in GL(2n,g).
b. [5] Give a combinatorial proof of (a). (No combinatorial proof is known that two
of these items are equal.)

200. [3] Let C,(q) denote the number of n x n upper-triangular matrices X over [,
satisfying X2 = 0. Show that

2n 2n 232
C2n(q)22|:<n_3j>_(n_3j_1>:|'q 3%
J
2n+1 2n+1 2an_3i2_0i
C2n+l(q):Z|:<n_3j>_<n_3j_1>:|'q =3 2J.
J
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This exercise and the next show that simply stated counting problems over I,
can have complicated solutions beyond the realm of combinatorics. (See also
Exercise 4.39(a).)

a. [3] Let

@) =#{(x.y.20)€F, :x+y+2=0, xyz=1}.

Show that f(q) =g +a — 2, where
e if g =2(mod3), thena =0,
e if ¢ = 1(mod3), then a is the unique integer such that ¢ = 1 (mod 3) and a? +
27b% = 4q for some integer b.
b. [24] Let

¢(q) =#{A € GL@3,q) : tr(A) =0, det(A) = 1.}

Express g(g) in terms of the function f(g) of part (a).

[4-] Let p be a prime, and let N, denote the number of solutions modulo p to the
equation y2 +y =x3—x. Let a, = p— N,. Forinstance, ay = —2,a3 =1, a5 =1,
a7 = —2, and so on. Show that if p # 11, then

ap=[xIx[ [ =" —x""")?

n>1

=[xPlx—2x> =P 2t 04 2xC — 2T —2x% ).

[3] The following quotation is from Plutarch’s Table-Talk VIII. 9, 732: “Chrysippus
says that the number of compound propositions that can be made from only ten simple
propositions exceeds a million. (Hipparchus, to be sure, refuted this by showing that
on the affirmative side there are 103,049 compound statements, and on the negative
side 310,952.)”

According to T. L. Heath, A History of Greek Mathematics, vol. 2, p. 245, “it seems
impossible to make anything of these figures.”

Can in fact any sense be made of Plutarch’s statement?

Solutions to Exercises

Answer: 2. There is strong evidence that human babies, chimpanzees, and even rats
have an understanding of this problem. See S. Dehaene, The Number Sense: How the
Mind Creates Mathematics, Oxtord, New York, 1997, pp. 23-27, 52-56.

Here is one possible way to arrive at the answers. There may be other equally simple
(or even simpler) ways to solve these problems.
a. 210-25=992

b. 1(7—1)!=360
¢. 5-5!(or 6! —5!) = 600

(oG-
ERGIORIIERS

(=7

®
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. (6)4 =360
. 1:3-5.7-9=945

(+()-()-»
i (1,21,14,4> - (1,1?2,4) = 33810

. (811> =126

.2 (172’4) +3 (2,2’3) + (2,;4> = 2660
.S+ (;) (5)a+ % G) (‘2‘) (5)3 =2220

. Given any n-subset S of [x +n + 1], there is a largest k for which #(SN[x +k]) =k.

Given k, we can choose S to consist of any k-element subset in (x:k

with {x +k+2,x+k+3,....x+n+1}.

) ways, together

. First proof. Choose a subset of [n] and circle one of its elements in Zk(;) ways.

Alternatively, circle an element of [n] in n ways, and choose a subset of what
remains in 2"~ ways.

Second proof (not quite so combinatorial, but nonetheless instructive). Divide the
identity by 2". It then asserts that the average size of a subset of [n] is n/2. This
follows since each subset can be paired with its complement.

. To give a noncombinatorial proof, simply square both sides of the identity

(Exercise 1.8(a))

2()r==

n>0

and equate coefficients. The problem of giving a combinatorial proof was raised
by P. Veress and solved by G. Hajos in the 1930s. For some published proofs,
see D. J. Kleitman, Studies in Applied Math. 54 (1975), 289-292; M. Sved, Math.
Intelligencer 6(4) (1984), 44-45; and V. De Angelis, Amer. Math. Monthly 113
(2006), 642—644.

d. G. E. Andrews, Discrete Math. 11 (1975), 97-106.
. Given an n-element subset S of [2n — 1], associate with it the two n-element subsets

S and [2n] — S of [2n].

. What does it mean to give a combinatorial proof of an identity with minus signs?

The simplest (but not the only) possibility is to rearrange the terms so that all signs
are positive. Thus, we want to prove that

3 (Z) =) (Z) n>1. (1.152)
k odd

k even

Let &, (respectively O,) denote the sets of all subsets of [1n] of even (respectively,
odd) cardinality. The left-hand side of equation (1.152) is equal to #&,, while the
right-hand side is #O,. Hence, we want to give a bijection ¢ : &, — O,. The
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definition of ¢ is very simple:

| Suin}, n¢gs,
go(S)—{ S—{n}, nes.

Another way to look at this proof is to consider ¢ as an involution on all of 2",
Every orbit of ¢ has two elements, and their contributions to the sum scin(—1 )#S
cancel out, that is, (—1)*S 4+ (=1)#® = 0. Hence ¢ is a sign-reversing involution
as in the proof of Proposition 1.8.7.

g. The left-hand side counts the number of triples (S,7, f), where S C [n], T <
[n+1,2n], #S =#T, and f : S — [x]. The right-hand side counts the number of
triples (A, B, g), where A C [n], B € (*")™*),and g : A — [x —1]. Given (S, T, f),
define (A, B, g) as follows: A= f~'([x —1]), B=([n]—S)UT,and g(i) = f (i)
forie[x—l].. o A

h. We have that ('Ji” )(’ j'k) (k?") is the number of triples («,8,y), where (i) « is a
sequence of i + j + 2 letters @ and b beginning with a and ending with b, withi + 1
a’s (and hence j +1b’s), (ii) B = (B1,...,Bj+1) is a sequence of j + 1 positive
integers with sum j 4+ k + 1, and (iii) ¥y = (y1,...,¥:i+1) is a sequence of i + 1
positive integers with sum k +i + 1. Replace the rth a in o by the word ¢’ d, and
replace the rth b in « by the word d?” c. In this way, we obtain a word § in c,d of
length 2n +4 with n 42 ¢’s and n + 2 d’s. This word begins with ¢ and ends with
d(dc)™ for some m > 1. Remove the prefix ¢ and suffix d(dc)™ from § to obtain
a word € of length 2(n —m + 1) withn —m + 1 ¢’s and n —m + 1 d’s. The map
(o, B,y) > € is easily seen to yield a bijective proof of (h). This argument is due
to Roman Travkin (private communication, October 2007).

Example. Letn=8,i =2, j =k =3, =abbaabb, f = (2,3,1,1), y = (2,3,1).
Then

§ = (Pd)(d*c)(d’c)(*d)(cd)(dc)(dc),

s0 € =cd3cd’ctde.
NoTE. Almost any binomial coefficient identity can be proved nowadays automatically
by computer. For an introduction to this subject, see M. Petkovsek, H. S. Wilf, and D.
Zeilberger, A = B, A K Peters, Wellesley, Mass., 1996. Of course, it is still of interest
to find elegant bijective proofs of such identities.

8. a Wehave l/v/T—4x=>)" (‘}1/ 2) (—4)"x". Now

n>0

(F17) cap = DD 2R o

n n!
13 n—1)  (n)!
- n! T oars

b. Note that (2";1) = %(%1"), n > 0 (see Exercise 1.3(e)).

9. b. Powerful methods exist for solving this type of problem (see Example 6.3.8);
however, we give here a “naive” solution. Suppose the path has k steps of the form
(0,1), and therefore k (1,0)’s and n —k (1,1)’s. These n + k steps may be chosen
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in any order, so

n+k n+k\ (2k
f(n’n):;<n—k,k,k):;< 2% )(k)
= Y Foum :Z<2kk)z(n2+kk> o
n>0 k n>0
E )
p k (l_x)2k+l

1 4x 72
<1 ) , by Exercise 1.8(a)

1\ a=x2
1
VT —6x+x2
10. Let the elements of S be a; < ay < --- < a,4+5. Then the multiset {a;,a, —2,a3 —
4,...,a,45 —2(r +s — 1)} consists of r odd numbers and s even numbers in [2(n —

r —s+1)]. Conversely, we can recover S from any r odd numbers and s even numbers
(allowing repetition) in [2(n —r — s + 1)]. Hence,

o (Y-

This result is due to Jim Propp, private communication dated 29 July 2006. Propp has
generalized the result to any modulus m > 2 and has also given a g-analogue.

11. a. Choose m + n + 1 points uniformly and independently from the interval [0, 1].
The integral is then the probability that the last chosen point u is greater than the
first m of the other points and less than the next n points. There are (m +n + 1)!
orderings of the points, of which exactly m!n! of them have the first m chosen
points preceding u and the next n following u. Hence,

m!n!

Bm+1an+1)=—"10
m+Lnt D=

The function B(x,y) for Re(x),Re(y) > 0 is the beta function.

There are many more interesting examples of the combinatorial evaluation of inte-
grals. Two of the more sophisticated ones are P. Valtr, Discrete Comput. Geom. 13
(1995), 637-643; and Combinatorica 16 (1996), 567-573.

b. Choose (1+4r+s)n+2t (;) points uniformly and independently from [0, 1]. Label
the first n chosen points x, the next r chosen points y;, and so on, so that the points
are labeled by the elements of M. Let P be the probability that the order of the
points in [0, 1] is a permutation of M that we are counting. Then

. nlrinstt (201G
C((r4+s+ Dn4tnn—1)!

fn,r,s,t)

1 1
=/0 [0 Gt (A —x) e =y [ =P -dy.

I<i<j<n

This integral is the famous Selberg integral; see for example G. E. Andrews,
R. Askey, and R. Roy, Special Functions, Cambridge University Press, Cam-
bridge/New York, 1999 (Chapter 8), and P. J. Forrester and S. O. Warnaar, Bull.
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Bc8 Figure 1.29 The solution poset for Exer-
cise 1.11(c).
Bxe6
Bxf5
B pp1=Bl \Pe3  ,Pg2
Ra4 Paxb2 Pa2 Pg3
Pa3
Pa4
Pa5

Amer. Math. Soc. 45 (2008), 489-534. The evaluation of this integral immedi-
ately gives equation (1.119). No combinatorial proof of (1.119) is known. Such a
proof would be quite interesting since it would give a combinatorial evaluation of
Selberg’s integral.

. One solution is 1.Pa5 2.Pa4 3.Pa3 4.Ra4 5.Ra8 6.Paxb2 7.Pb1=B 8.Pe2 9.Pe3

10.Bxf5 11.Bxe6 12.Bc8 13.Pg3 14.Pg2, after which White plays Bh2 mate. We
attach indeterminates to each of the Black moves as follows: 1.a1> 2.a12 3.x 4.a24
S.ap4 6.a23 T.ap3 8.a13 9.a13 10.x 11.a34 12.a34 13.a14 14.a14. We also place an
indeterminate x before Black’s first move and after Black’s last move. All solutions
are then obtained by permutations of Black’s 14 moves, together with x at the
beginning and end, with the property that moves labeled by the same indeterminate
must be played in the same order, and moves labeled a;; must occur between the ith
x and jth x. In the terminology of Chapter 3, the solutions correspond to the linear
extensions of the poset shown in Figure 1.29. Hence the number of solutions is

£(4,0,0,1) = 54054.

For similar serieshelpmates (called queue problems) whose number of solutions
has some mathematical significance, see Exercises 1.145, 6.23, and 7.18. Some
references are given in the solution to Exercise 6.23. The present problem comes
from the article R. Stanley, Suomen Tehtdviniekat 59, no. 4 (2005), 193-203.

Let S consist of all p-tuples (n1,n2,...,n,) of integers n; € [a] such that not all the
n;’s are equal. Hence, #S = a” — a. Define two sequences in S to be equivalent if one
is a cyclic shift of the other (clearly an equivalence relation). Since p is prime each
equivalence class contains exactly p elements, and the proof follows. For additional
results of this nature, see I. M. Gessel, in Enumeration and Design (Waterloo, Ont.,
1982), Academic Press, Toronto, 1984, pp. 157-197, and G.-C. Rota and B. E. Sagan,
European J. Combin. 1 (1980), 67-76.

a. We use the well-known and easily proved fact that (x 4+ 1)? = x” 4+ 1 (mod p),

meaning that each coefficient of the polynomial (x + 1) — (x? + 1) is divisible
by p. Thus,

@+ 1" =+ DE

= l_[ (xl’i + l)ai (mod p)
= 1‘[2;) (‘;) 7' (mod p).

i j=
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The coefficient of x™ on the left is () and on the right is (Zg) (Z}) This
congruence is due to F. E. A. Lucas, Bull. Soc. Math. France 6 (1878), 49-54.

. The binomial coefficient (:”l) is odd if and only if the binary expansion of m is

“contained” in that of n; that is, if m has a 1 in its ith binary digit, then so does n.
Hence, () is odd for all 0 < m < n if and only if n = 2F — 1. More generally, the
number of odd coefficients of (1 4 x)" is equal to 26 where b(n) is the number
of 1’s in the binary expansion of n. See Exercise 1.15 for some variations.

. Consider an a x p rectangular grid of squares. Choose pb of these squares in

(g Z) ways. We can choose the pb squares to consist of b entire rows in (Z) ways.
Otherwise, in at least two rows, we will have picked between 1 and p — 1 squares.
For any choice of pb squares, cyclically shift the squares in each row independently.
This partitions our choices into equivalence classes. Exactly (Z) of these classes

contain one element; the rest contain a number of elements divisible by p?.

. Continue the reasoning of (c). If a choice of pb squares contains fewer than b — 2

entire rows, then its equivalence class has cardinality divisible by p>. From this
we reduce the problem to the case a =2, b = 1. Now

(1)-2(0)

-DX(p—-2?%--(p—k+1)?
=2+pzz(p ) (p /)<!2 (p )
k=1

p—1
=2+4p> Y k*(mod p?).
k=1

But as k ranges from 1 to p — 1, so does k~! modulo p. Hence,

p—1 p—1

Zkfz = Zkz (mod p).

k=1 k=1

Now use, for example, the identity

- 2 Mt D@+
2=

to get

p—1
> kK =0(modp), p=5.
k=1

. The exponent of the largest power of p dividing ( ) is the number of carries needed

to add m and n — m in base p. See E. Kummer, ‘Y; Math. 44 (1852), 115-116, and
L. E. Dickson, Quart. J. Math. 33 (1902), 378-384.
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a. We have

53

21 2
l+x+x= = (1 —x)° (mod 3).
1—x
Hence, (1 +x +x2)" = (1 —x)¥ (mod3). It folllows easily from Exercise 1.14(a)
that if 2n has the ternary expansion 2n =Y _;3', then the number of coefficients
of (14 x +x?)" not divisible by 3 is equal to [1(1 4 a;). This result was obtained
in collaboration with T. Amdeberhan.

. Let f(n) be the desired number. First consider the case n = 2/ (2¥ — 1). Since

A+x+x2? =142 +x7" (mod2), we have f(n) = £(2* — 1). Now

1 +x2k +x2k+1

k
1 2,2 —IE
(14+x+x9) T

(mod?2).
It is easy to check that modulo 2 we have for £ odd that

1+x2k+x2k+l k k k
— = xR T a2 T R
14+ x+x2

k k k k k+1 k+1
242 2043 2845 2% +6 2 3 2 2
+x +x +x +x +...+x +x .

It follows that £ (2% — 1) = (2¥*2 4 1)/3. Similarly, when k is even we have

l—l-xzk—l-xszr1 k k k
— = x0T T T T !
14+x+x2

I S I L SIS BT L
Hence, in this case, f(2F — 1) = (22 — 1)/3. For a generalization, see Exer-
cise 4.25.

Now any positive integer n can be written uniquely asn = ;_, 27i (2ki — 1),
where k; > 1, j; >0, and j;+| > j; + k;. We are simply breaking up the binary
expansion of n into the maximal strings of consecutive 1’s. The lengths of these
strings are ki, ...,k,. Thus,

.
.
(Ix+ad)" = [+ 22772 (mod2).

i=1

There is no cancellation among the coefficients when we expand this product since
Ji+1 > Ji + 1. Hence,

foy=]]re-n,
i=1

where f (2% —1) is given earlier.

Example. The binary expansion of 6039 is 1011110010111. The maximal strings
of consecutive 1°s have lengths 1, 4, 1, and 3. Hence,

£(6039) = £(1) £(15) £ (1) f(T)=3-21-3- 11 = 2079.

c. We have

1_[ (xi +xj) = l_[ (x; —x;) (mod?2),

1<i<j<n I<i<j<n



148

16.

17.

19.

What Is Enumerative Combinatorics?

where the notation means that the corresponding coefficients of each side are
congruent modulo 2. The latter product is just the value of the Vandermonde deter-
minant det[x; ! # j=1» so the number of odd coefficients is n!. This result can also
be proved by a cancellation argument; see Exercise 2.34. A more subtle result,
equivalent to Exercise 4.64(a), is that the number of nonzero coefficients of the
polynomial [T, _; _ j<n(Xi ;) is equal to the number of forests on an n-element
vertex set.

Some generalizations of the results of this exercise appear in T. Amdeberhan and R.

Stanley, Polynomial coefficient enumeration, preprint dated 3 February 2008;

(http://math.mit.edu/~rstan/papers/coef.pdf).

See also Exercise 4.24.

a. This result was first given by N. Strauss as Problem 6527, Amer. Math. Monthly
93 (1986), 659, and later as the paper Linear Algebra Appl. 90 (1987), 65-72.
An elegant solution to Strauss’s problem was given by I. M. Gessel, Amer. Math.
Monthly 95 (1988), 564-565, and by W. C. Waterhouse, Linear Algebra Appl. 105
(1988), 195-198. Namely, let V be the vector space of all functions F,, — F,. A
basis for V consists of the functions fj(a) =a’,0<j<p—-1.Let®: V>V
be the linear transformation defined by (® f)(x) = (1 —x)?~' f(1/(1 — x)). Then
it can be checked that A is just the matrix of ® with respect to the basis f;. It is
now routine to verify that A3 = 1.

b. Answer: (p+2¢€)/3, where € = 1 if p=1(mod3) and € = —1 if p = —1 (mod 3).
Both Strauss, op. cit., and Waterhouse, op. cit., in fact compute the Jordan normal
form of A. Waterhouse uses the linear transformation ® to give a proof similar to
that given in (a).

b. Think of a choice of m objects from n with repetition allowed as a placement of
n — 1 vertical bars in the slots between m dots (including slots at the beginning
and end). For example,

corresponds to the multiset {1°,22,3% 43 5%}, Now change the bars to dots and
vice versa:

yielding {1',2°,32,49,50 6!,79,8%). This procedure gives the desired bijection.
(Of course a more formal description is possible but only seems to obscure the
elegance and simplicity of the above bijection.)

a. One way to prove (1.120) is to recall the Lagrange interpolation formula. Namely,
if P(x) is a polynomial of degree less than n and x1,...,x, are distinct numbers
(or indeterminates), then

P =Y P[]

_x.'
i=1 j#i ! J

Now set P(x) =1 and x =0.
Applying the hint, we see that the constant term C(ay,...,a,) satisfies the
recurrence

k
C(al,...,a,,)=ZC(a1,...,a,~—1,...,an),
i=1

if a; > 0. If, on the other hand, a; = 0, we have

C(ai,...,ai-1,0,ai41,...,a,) =C(ai,...,a;—1,qi41,...,0a,).
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This is also the recurrence satisfied by , and the initial conditions

C(@,...,0)=1and ( ) =1 agree.
This result was con]ec’tu’red by F. J. Dyson in 1962 and proved that same year by J.
Gunson and K. Wilson. The elegant proof given here is due to I. J. Good in 1970.
For further information and references, see [1.3, pp. 377-387].

b. Thisidentity is due to A. C. Dixon, Proc. London Math. Soc. 35(1) (1903), 285-289.

c. This is the “g-Dyson conjecture,” due to G. E. Andrews, in Theory and Application
of Special Functions (R. Askey, ed.), Academic Press, New York, 1975, pp. 191-
224 (see §5). It was first proved by D. M. Bressoud and D. Zeilberger, Discrete
Math. 54 (1985), 201-224. A more recent paper with many additional references
is I. M. Gessel, L. Lv, G. Xin, and Y. Zhou, J. Combinatorial Theory, Ser. A 115
(2008), 1417-1435.

d. I. G Macdonald conjectured a generalization of (a) corresponding to any root
system R. The present problem corresponds to R = D,,, while (a) is the case
R = A, (when all the g;’s are equal). After many partial results, the conjecture
was proved for all root systems by E. Opdam, Invent. Math. 98 (1989), 1-18.
Macdonald also gave a g-analogue of his conjecture, which was finally proved
by I. Cherednik in 1993 and published in Ann. Math. 141 (1995), 191-216. For
the original papers of Macdonald, see Sem. d’Alg. Paul Dubriel et Marie-Paule
Malliavin, Lecture Notes in Math., no. 867, Springer, Berlin, pp. 90-97, and SIAM
J. Math. Anal. 13 (1982), 988-1007.

e. Write

AAAAA

FQ)=F@i....x)= Y. [qu%4— +q%ﬁ X

i=1j>0
n . .
_ g/ =q’"\
12 ()
i=1j>0

1 . 1 q
=(1_ )nl_[|:1_ 7lx._1_ X'j|
" q”'xi qxi

n

—l_[ 1+x,'
i (=gl —gqx)

We seek the term Fj(x) independent from g. By the Cauchy integral formula
(letting each x; be small),

1 [(dg{~ 1+ x;
&m=7¢iﬂ =
ni qﬂawxm—w)

_d+x)- (1+xn)7§ l—[

(q _xl)(l _qxl)
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where the integral is around the circle |g| = 1. The integrand has a simple pole at
q = x; with residue xi’“' /(11— xiz) I—[#i (x; —x;)(1 —x;x;), and the proof follows
from the Residue Theorem.

NortE. The complex analysis in the above proof can be replaced with purely formal
computations using the techniques of Section 6.3.

a. Leta; +--- 4 ay be any composition of n > 1. If a; = 1, then associate the compo-
sition (a; +ay) +az+---+ay. If a; > 1, then associate 1 + (a; — 1) +ap + - - - +ay.
This defines an involution on the set of compositions of n that changes the parity
of the number of even parts. Hence, the number in question is 2”2, n > 2. (Note
the analogy with permutations: There are %n! permutations with an even number

of even cycles—namely, the elements of the alternating group.)

b. It is easily seen that

> e —om)x" =] [+ (=1ixH~".

n>0 i>1

In the first proof of Proposition 1.8.5, it was shown that

[Ja+xhH=]]a-x*"H"

i>1 i>1

Hence (putting —x for x and taking reciprocals),

1—[(1 +(=D)ix)~! =l—[(1 + X2+

i>1 i>1

= Zk(n)x”,

n>0

by Proposition 1.8.4. A simple combinatorial proof of this exercise was given by
the Cambridge Combinatorics and Coffee Club in December 1999.

Form all 2"~ compositions of 1 as in (1.19). Each bar occurs in half the compositions,
so there are (n — 1)2"~2 bars in all. The total number of parts is equal to the total number
of bars plus the total number of compositions, so (n — 1)2" 72 +2"~! = (n +1)2" 2
parts in all. This argument is due to D. E. Knuth (private communication, 21 August
2007).

Variant argument. Draw n dots in a row. Place a double bar before the first dot or
in one of the n — 1 spaces between the dots. Choose some subset of the remaining
spaces between dots, and place a bar in each of these spaces. The double bar and
the bars partition the dots into compartments that define a composition « of n as in
equation (1.19). The compartment to the right of the double bar specifies one of the
parts of «. Hence, the total number f(n) of parts of all compositions of n is equal to
the number of ways of choosing the double bar and bars as described previously. As
an example, the figure

corresponds to the composition (2,1,2,3) of 8 with the third part selected.

If we place the double bar before the first dot, then there are 2"~! choices for the
remaining bars. Otherwise there are n — 1 choices for the double bar and then 2”2
choices for the remaining bars. Hence, f(n) =2""' 4+ (n—1)2"2 = (n+ 1)2""2.

Draw a line of n dots and circle k consecutive dots. Put a vertical bar to the left and
right of the circled dots. For example, n =9, k = 3; see Figure 1.30.

Case 1. The circled dots don’t include an endpoint. The procedure can then be done in
n —k — 1 ways. Then there remain n — k — 2 spaces between uncircled dots. Insert at



25.

27.
30.

31.

Solutions to Exercises 151

e o o o o | @ | o Figure 1.30 First step of the solution to

Exercise 1.24.

e o o | ° | ° |®| o Figure 1.31 Continuation of the

solution to Exercise 1.24.

most one vertical bar in each space in 2" ~%~2 ways. This defines a composition with
one part equal to k circled. For example, if we insert bars as in Figure 1.31, then we
obtain3+1+14+Q+ 1.

Case 2. The circled dots include an endpoint. This happens in two ways, and now
there are n — k — 1 spaces into which bars can be inserted in 2" *~! ways.

Hence, we get the answer

(n— k — l)zn—k72 +2. 2n7kfl =(n— k +3)211—k—2.

It is clear that

qx x2 0\’
S st =S ()

nr.s j=0

The coefficient of ¢”#* is given by

r+s ﬁz r+s Z m+r+s—1 x2m+r+2x,
ro ) (1—x%)yrts r r+s—1

m=>0

and the proof follows.

For a bijective proof, choose a composition of r 4 k into r + s parts in (r o1
Multiply r of these parts by 2 in (Hr's) ways. Multiply each of the other parts by 2 and
subtract 1. We obtain each composition of n with r odd parts and s even parts exactly

once, and the proof follows.
Answer: (n+3)2""2 —1.

Let b =a; —i+ 1. Then 1 <by <by <---<by <n—k+1 and each b; is odd.
Conversely, given the b;’s we can uniquely recover the a;’s. Hence, setting m =
L(n —k+2)/2], the number of odd integers in the set [n — k + 1], we obtain the
answer ((})) = (m+,f71) = ({), where g = [ (n+k)/2].

This exercise is called Terquem’s problem. For some generalizations, see M. Abramson
and W. O.J. Moser, J. Combinatorial Theory 7 (1969), 171-180; S. M. Tanny, Canad.
Math. Bull. 18 (1975), 769-770; J. de Biasi, C. R. Acad. Sci. Paris Sér. A-B 285 (1977),
A89-A92; and I. P. Goulden and D. M. Jackson, Discrete Math. 22 (1978), 99-104.
A further generalization is given by Exercise 1.10.

a. X(x+1)(X+2)»~(x+n—1):ng<<;’ti)):n!<<i)>

b. (i’l),\(n - l)n—x =n! <Z : i)

'+k_l) ways.

“n! (n—1
C. ZE k—1

k=1
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The key feature of this problem is that each element of S can be treated independently,

as in Example 1.1.16.

a. Foreach x € S, we may specify the least i (if any) for which x € T;. There are k + 1
choices for each x, so (k + 1)" ways in all.

b. Now each x can be in at most one 7;, so again there are k + 1 choices for x
and (k + 1)" choices in all. (In fact, there is a very simple bijection between the
sequences enumerated by (a) and (b).)

c. Now each x can be in any subset of the 7;’s except the subset ¢J. Hence there are
2% — 1 choices for each x and (2¥ — 1) ways in all.

Letbh;=a; — (i —1)jtogetl <b <---<by <n—(k—1)j, so the number of

. n—(k—1)j
sequences is (( " ))

a. Obtain a recurrence by considering those subsets S which do or do not contain 7.
Answer: F, 4.

b. Consider whether the first part is 2 or at least 3. Answer: F,_;.

c. Consider whether the first part is 1 or 2. Answer: F, 1.

d. Consider whether the first part is 1 or at least 3. Answer: F,.

e. Consider whether ¢ =0 or 1. Answer: Fy4».

f. The following proof, as well as the proofs of (g) and (h), are due to Ira Gessel.
Gessel (private communication, 2 May 2007) has developed a systematic approach
to “Fibonacci composition formulas” based on factorization in free monoids as
discussed in Section 4.7. The sum Y _aja;---a; counts the number of ways of
inserting at most one vertical bar in each of the n — 1 spaces separating a line of
n dots, and then circling one dot in each compartment. An example is shown in
Figure 1.32. Replace each bar by a 1, each uncircled dot by a 2, and each circled
dot by a 1. For example, Figure 1.32 becomes

212211211111211122111212.

We get a composition of 2n — 1 into 1’s and 2’s, and this correspondence is
invertible. Hence, by (c) the answer is F5,.
A simple generating function proof can also be given using the identity

1— 2
Z(x 422433 4 )k = %
e —x/(I=x)
_ X
T 1—3x+2x2
= ZFZH)C”.
n>1
g. Given a composition (aj,...,ax) of n, replace each part a; with a composition

a; of 2a; into parts 1 and 2, such that «; begins with a 1, ends in a 2, and for
all j the 2jth 1 in « is followed by a 1, unless this 2jth 1 is the last 1 in «.
For instance, the part a; = 4 can be replaced by any of the seven compositions
1111112, 111122, 111212, 11222, 121112, 12122, 12212. Tt can be checked that (i)
every composition of 2n into parts 1 and 2, beginning with 1 and ending with 2,
occurs exactly once by applying this procedure to all compositions of n, and (ii)

o@ool@ol@l@lo@l@ool@lo@o

Figure 1.32 An illustration of the solution to Exercise 1.35(f).
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the number of compositions that can replace a; is 2%~! — 1. It follows from part
(c) that the answer is F,_. A generating function proof takes the form

v x/(1—x)(1—2x)

2 3 4
D P43 4Tt ) = s

k=1
T 1—=3x4x2
= Z anfzxn.
n>2
h. Given a composition (ay,...,ax) of n, replace each 1 with either 2 or 1,1, and
replace each j > 1 with 1,2,...,2,1, where there are j — 1 2’s. Every composition

of 2n with parts 1 and 2 is obtained in this way, so from part (c) we obtain the
answer Fy,41. A generating function proof takes the form
1 1
X

1—2x—x2—x3—x*—-. l—x—7%
—X

1—x
1 —3x+x2

= ZanHX"-

n>0

i. Answer: 2F3,_4 (with F, defined for all n € Z using the recurrence F,, = F,_| +
F,_»), a consequence of the expansion

1 n
@ﬁ—zzﬁn—ﬂ-

1-5x n>1

A bijective proof is not known. This result is due to D. E. Knuth (private
communication, August 21, 2007).
k. Answer: Fp,43. Let f(n) be the number in question. Now

Py=Py1+ Py—1Xy + PuXpt1. (1.153)

Each term of the above sum has f(n — 1) terms when expanded as a polynomial
in the x;’s. Since

P+ Pypyx, = n72(1 +Xn—1 +xn)+Pn72(1 +Xn—1 +xn)xnv

the only overlap between the three terms in equation (1.153) comes from P,_»x,,
which has f(n —2) terms. Hence f(n) =3f(n—1) — f(n —2), from which the
proof follows easily. This problem was derived from a conjecture of T. Amdeberhan
(November 2007). For a variant, see Exercise 4.20.

36. Let f,(k) denote the answer. For each i € [n] we can decide which T; contains i
independently of the other i’ € [n]. Hence, f, (k) = fx(1)". But computing f;(1) is
equivalent to Exercise 1.35(e). Hence, f, (k) = F',,.

37. Whileitis not difficult to show that the right-hand side of equation (1.122) satisfies the
Fibonacci recurrence and initial conditions, we prefer a more combinatorial proof. For
instance, Exercise 1.34 in the case j = 2 shows that (";k) is the number of k-subsets
of [n — 1] containing no two consecutive integers. Now use Exercise 1.35(a).
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First Solution (sketch). Let a,, ,, be the number of ordered pairs (S,T) with § C [m]
and T C [n] satisfying s > #T forall s € S and t > #S for all t € T. An easy bijection
gives

App = Qu_1pn+an_ipn-1-

Using a;; = a;;, we get

Appn = app—1 +an—1,n—l

Apn—1 = Aap—1,n—1 +an—l,n—Zs

from which it follows (using the initial conditions apg = 1 and a; o = 2) that a,, =
Fonio and pn—1 = oy
Second Solution (sketch). It is easy to see that

o )

i,j>0
i+j<min{m,n}

n—j
i

It can then be proved bijectively that ) ; j>o (
i+j<n

of 2n + 1 with parts 1 and 2. The proof féﬁlows from Exercise 1.35(c).

This problem (for the case n = 10) appeared as Problem A-6 on the Fifty-First William
Lowell Putnam Mathematical Competition (1990). These two solutions appear in
K. S. Kedlaya, B. Poonen, and R. Vakil, The William Lowell Putnam Mathematical
Competition, Mathematical Association of America, Washington, D.C., 2002, pp. 123—
124.

) (" J_’) is the number of compositions

a. Perhaps the most straightforward solution is to let #S = k, giving

F) =" (n—=k(n = k! (’,Z)
k=0

=n!:§(";k>.

Now use Exercise 1.37. It is considerably trickier to give a direct bijective proof.
b. We now have

n—1
g =y =k —k—D)! (Z)

k=0
n—1 n n—k
=mn—1! Z < - ) )
—n- k\ k
There are a number ways to show that L,, = Z;(l) P (”;k), and the proof follows.

This result was suggested by D. E. Knuth (private communication, 21 August 2007)
upon seeing (a). A simple bijective proof was suggested by R. X. Du (private
communication, 27 March 2011); namely, choose an n-cycle C in (n — 1)! ways,
and regard the elements of C as n points on a circle. We can choose S to be any
subset of the points, no two consecutive. By Exercise 1.40 this can be done in L,
ways, so the proof follows.
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Let ]_[,122(1 —xfny = Zkzo ayx*. Split the interval [ F,,, F,,,.{ — 1] into the three subin-
tervals [Fns Fn"‘anS _2]’ [Fn+Fn73_ l’Fn+Fn72_]]s and [Fn+Fn72s Fn+1 - ]]
The following results can be shown by induction:

-1

° Thenumbersapn,apn+1,...,apn+pn_3,2areequaltothenumbers(—1)” ar, -2,
(—1)"716“7"_3,3,...,(—1)"71610 in that order.

o The numbers AFy+Fy_3—1s AFy+Fy_zs-+ s QFy+F,_,—1 aI€ equal to 0.

e The numbers ap,+F, 5. AF+F,_5+1s--- »AF,, —1 are equal to the numbers ay, a;,

s AF,_5-1 in that order.
From these results the proof follows by induction.
N. Robbins, Fibonacci Quart. 34 (1996), 306-313, was the first to prove that the
coefficients are 0,%1. The above explicit recursive description of the coefficents is
due to F. Ardila, Fibonacci Quart. 42 (2004), 202-204. Another elegant proof was
later given by Y. Zhao, The coefficients of a truncated Fibonacci series, Fibonacci
Quart., to appear, and a significant generalization by H. Diao, arXiv:0802.1293.

Answer:

S, D=1 cmn,1)=m—-1)!
Sn,2)=2""1-1 ¢(n,2)=m-1)H,_,
Sn,n)=1 cn,n)=1

S(n—1) = (;) c(nn—1)= (’;)
S(n,n—2)=<§>+3<2) c(n,n—2):2<§)+3<z>.

An elegant method for computing c(n,2) is the following. Choose a permutation
ajay---a, € S, with a; =1 in (n — 1)! ways. Choose 1 < j <n — 1 and let w be
the permutation whose disjoint cycle form is (ai,az,...,a;)(aj11,a;42,...,a,). We
obtain exactly j times every permutation with two cycles such that the cycle not
containing 1 has length n — j. Hence, c(n,2) = (n — 1)!H,_;.

As a further example, let us compute S(n,n — 2). The block sizes of a partition of [#]
with n — 2 blocks are either 3 (once) and 1 (n — 3 times), or 2 (twice) and 1 (n — 4
times). In the first case, there are (Z) ways of choosing the 3-element block. In the
second case, there are (Z) ways of choosing the union of the two 2-element blocks,
and then three ways to choose the blocks themselves. Hence, S(n,n —2) = () +3(})
as claimed.

Define a; 11 +a;j12 + - - - 4+ a to be the least r such that when 1,2,...,r are removed
from 7, the resulting partition has i blocks.

a. We have by equation (1.94c¢) that

Xk

DSk = =)0 —2x)--- (1 —kx)

n=0

xk

T =02 (mod2)"
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b. The first of several persons to find a combinatorial proof were K. L. Collins and

M. Hovey, Combinatorica 31 (1991), 31-32. For further congruence properties of
S(n,k), see L. Carlitz, Acta Arith. 10 (1965), 409-422.

. Taking equation (1.28) modulo 2 gives

n
Zc(n,k)tk ="t + D2 (mod 2).
k=0

_( /21 \_ (In/2]
c(n,k) = (k— [n/Z]) = (n—k) (mod?2).

Hence,

. This remarkable result is due to J. N. Darroch, Ann. Math. Stat. 35 (1964),

1317-1321. For a nice exposition including much related work, see J. Pitman,
J. Combinatorial Theory Ser. A 77 (1997), 279-303.

. Let P(x) = ZZ:O c(n,k)x*. It is routine to compute from Proposition 1.3.7 that

P/(l)_1+1+l+ +1
P() 23 n’

and the proof follows from (a). For further information on the distribution of the
number of cycles of a permutations w € G,,, see Pitman, ibid., pp. 289-290.

. This result is due to E. R. Canfield and C. Pomerance, Integers 2 (2002), Al

(electronic); Corrigendum 5(1) (2005), A9, improving earlier expressions for K,
due to Canfield and Menon (independently). Previously it was shown by L. H.
Harper, Ann. Math. Stat. 38 (1966), 410-414 (Lemma 1), that the polynomial
Y i S(n, k)x* has real zeros. As Pitman points out in his paper cited in (a) (page 291),
the result (a) of Darroch reduces the problem of estimating K, to estimating the
expected number of blocks of a random partition of [r]. For further discussion,
see D. E. Knuth, The Art of Computer Programming, vol. 4, Fascicle 3, Addison-
Wesley, Upper Saddle River, N.J., 2005 (Exercises 7.2.1.5-62 and 7.2.1.5-63(e)).

. Let Fy(x) = Ag(x)/(1 — x)4*!. Differentiate equation (1.37) and multiply by x,

yielding

d
Far1(x) = xd*Fd(X),
X

and so on.

. The proof is by induction on d. Since A;(x) = x, the assertion is true for d =

1. Assume the assertion for d. By Rolle’s theorem, the function f(x) = %(1 —

x)7971 A4(x) has d — 1 simple negative real zeros that interlace the zeros of Ay (x).
Since lim,_, _o f(x) =0, there is an additional zero of f(x) less than the smallest
zero of Ay(x). Using equation (1.38), we have accounted for d strictly negative
simple zeros of Ay4+1(x), and x = 0 is an additional zero. The proof follows by
induction. This result can be extended to permutations of a multiset; see R. Simion,
J. Combinatorial Theory, Ser. A 36 (1984), 15-22.

. Let D =d/dx. By Rolle’s theorem, Q(x) = D'~! P(x) has real zeros, and thus

also R(x) =x"~"*1Q(1/x). Again by Rolle’s theorem, D"~'~! R(x) has real zeros.
But one computes easily that

D”‘i‘lR(x)—n—!(b- 24 2bix +b;
= ) i—1X" +2bjx + l+1)-



Solutions to Exercises 157

In order for this quadratic polynomial to have real zeros, we must have bl.2 >
bi_1bi4+. This result goes back to I. Newton (see e.g. G. H. Hardy, J. E. Little-
wood, and G. Pélya, Inequalities, 2nd ed., Cambridge University Press, Cambridge,
England, 1952, p. 52).

. Let us say that a polynomial P(x) =) 1, a;x" with coefficients satisfying a; =
am—; has center m/2. (We don’t assume that deg P(x) = m, i.e., we may have
a, =0.) Thus P(x) hascenterm /2 if and only if P(x) =x" P(1/x).Ifalso Q(x) =
x"Q(1/x) (so Q(x)has centern/2),then P(x) Q(x) =x"1" P(1/x)Q(1/x). Thus,
P(x)Q(x) has symmetric coefficients (with center (m + n)/2). It is also easy
to show this simply by computing the coefficients of P(x)Q(x) in terms of the
coefficients of P(x) and Q(x).

Now assume that P(x) = Y i~ a;x' has center m/2 and has unimodal coeffi-
cients, and similarly for Q(x) = Z?:o bix'. Let Aj(x)= xd it xm,
a polynomial with center m/2, and similarly B;(x) = x/ +x/*! ... 4+ x"=/ It
is easy to see that

lm/2]
P(x)= Y (a—ai-1)Ai(x),

i=0

ln/2]
Q(x) =) (bj—b; 1)B;j(x).
j=0
Thus,
lm/2] n/2]
PO = > Y (ai—ai_1)(b; —b;_1)A;i(x)B;(x).
i=0 j=0

It is easy to check by explicit computation that A; (x)B;(x) has unimodal coeffi-
cients and center (m +n)/2. Since P(x) and Q(x) have unimodal coefficients, we
have

(ai —ai—1)(bj —bj_1) = 0.

Hence, we have expressed P(x)Q(x) as a nonnegative linear combination of uni-
modal polynomials, all with the same center (i +n) /2. It follows that P (x) Q(x)
is also unimodal (with center (m +n)/2).

. Perhaps the most elegant proof (and one suggesting some nice generalizations)
uses linear algebra. Write P(x) = Y 1t qa;x’ and Q(x) = > " bix'. Seta; = 0 if
i €[0,m], and similarly for b;. If X and Y are r x r real matrices all of whose k x k
minors are nonnegative, then the Cauchy-Binet theorem shows that the same is true
for the matrix XY. Moreover, it is easily seen that if cp,c,...,c, is nonnegative
and log-concave with no internal zeros, then ¢;c; > ¢;_;cj4